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PREFACE. 


rpUE object of the following treatise is to exhibit the 
elementary principles and notation of the Quaternion 
Calculus, so as to meet the wants of beginners in the 
class-room. The JElemenU and Lectures of Sir William 
Rowan Hamilton, while they may be said to contain the 
suggestion of all that will be done in the way of Quater- 
nion research and application, are not, for this reason, as 
also on account of their diffuseness of style, suitable for 
the purposes of elementary instruction. Tait’s work on 
Quaternions is also, in its originality and conciseness, 
beyond the time and needs of the beginner. In addition 
to the above, the following works have been consulted: 

Qalcolo del Quaternione, Bellavitis ; Modena, 1858. 

Exposition de la Methods des J^quipollences. Traduit 
de ITtalien de Giusto Bellavitis, par C.-A. Laisaiit ; Paris, 
1874. (Original memoir in the Memoirs of the Italian 
Society. 1854.) 

TMorie ^lementaire des Quantites Complexes. J. 
Hoiiel ; Paris, 1874. 

Essai sur une Mani^re de Representer les Quantitis 
Imaginaires dans les Construction G-eometriques. Par 
R. Argaiid; Paris, 1806. Second edition, with preface 
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by J. Hoiiel; Paris, 1874. Translated, with notes, from 
the French, by A. S. Hardy. Van Nostrand’s Science 
Series, No, 62; 1881. 

Kurze Anleitwng zum Rechnen mit den (Samilton^ schen') 
Quaternionen. J. Odstrcil; Halle, 1879. 

Applications Meeaniques du Oalcul des Quaternions. 
Laisant; Paris, 1877. 

Introduction to Quaternions, Kelland and Tait ; Lon- 
don, 1873. 

A free use has been made of the examples and exercises 
of the last work ; and, in Article 87, is given, by permis- 
sion, the substance of a paper from Volume I., page 379, 
American Journal of Mathematics^ illustrating admirably 
the simplicity and brevity of the Quaternion method. 

If this presentation of the principles shall afford the 
undergraduate student a glimpse of this elegant and pow- 
erful instrument of analytical research, or lead him to 
follow their more extended application in the works above 
cited, the aim of this treatise will have been accomplished- 

The author expresses his obligation to Mr. T, W. D. 
Worthen for valuable assistance in the preparation of 
this work, and to Mr, J, S. Cushing for whatever of 
typographical excellence’ it possesses. V 

A. S. HARDY. 

Hanover, N.H., June 21, 1881. 
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QUATEENIONS. 

CHAPTER I. 

Addition and Subtraction of Vectors, or Geometric Addition and 

Subtraction. 

1. A Vector is the representoiive of transference through a 
given distance in a given direction. 

Thus, if A, B are any two points, vector ab implies a trans- 
lation from a to b. 

A vector may be represented geometrically by a right line, 
whose length denotes the distance over which transference takes 
place, and whose direction denotes the direction of the trans- 
ference. In thus designating a vector, the direction is indicated 
by the order of the letters. 

Thus, AB (Fig. 1) denotes transference ^ 

from A to B, and BA from b to a. 

Retaining the algebraic signification of the signs 4- and , if 
AB denotes motion firom A to B, then — ab will denote motion 
fromBtOA,and 

AB= —BA, — AB — BA . . . . (1). 

Hence, the effect of a mimts sign before a vedor is to reverse 
its direction. 

The conception of a vector, t|terefere, im^i^ of its two 
elements, distance and It fe-Bt defined as a 

right line. It is now all 

detet^ined by 
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of a moving l>ocly, velocit}’, an electric current, etc., are vector 
quantities. 

Analytically, vectors are represented hy the letters of the 
Greek alphabet, a, /3, y, etc. 


2 

c 


7 ^ 


2 - It follovrs, from the definition of a vector, that all linen 
'Luliich cm equal and parallel may be represented by the same vec- 
tor symbol with like or unlike signs. 
If equal and drawn in the same 
direction, thej' will have the same 
A bX yn r sign- Hence an equalit}' between 

nT N. two vectors implies equality in dis- 

2 G tance with the same direction. 

Thus, if AB (Fig. 2), cn, be, ef 
and no are equal and drawn in the same direction, they may be 
represented hy the same vector symbol, and 

AB = CD = BE = EF = HO = a . . , . (2) , 


3 . It follows also from the definition of a vector that, if rco- 
tors are not parallel, they cannot be represented bj' the same 
vector symbol. 

Thus, if the point a (Fig. 3) move over the right line ab, 
from A to B, and then over the right line bc, from b to c, and 

ab = a, BC must be denoted by 
some other symbol, as 
The result of these two succes- 
sive translations of the point a is 
the same as that of the single and 
direct ti’anslation AC=y, from a to 
c ; in either case a is found at the 
extremity of the diagonal of the 
parallelogram of which ab and bc are the sides. This combina- 
tion of successive translations is called addition, and is written 
in the ordinary way, a + /3 = y (3). 

This expression would be absurd if the sjunbols denoted mag- 
nitudes onl 3 % It means that transference from a to b, followed 
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transference from b to c, is equivalent to transference from 
A to c. The sign + does not therefore denote a numerical ad- 
dition, or the sign = an equality between magnitudes. It is^ 
however, called an equation, and read, as usual, “a plus /? is 
equal to y.” This kind of addition is called geometric addition. 

4 . If the point a (Fig. 3), instead of moving over the sides 
AB, nc of the parallelogram abcd, had moved in succession over 
the other two sides, ad and dc, the result would still have been 
the same as that of the single translation over the diagonal ac. 
But since ab and bc are equal in length to dc and ad respect- 
ively, and are drawn in the same direction, we have (Art. 2) 

AB = DC and BC = AD, 

and if the first two translations are represented b}" ab and bc, 
the second two may be represented by bc and ab, or 

a4-/3 = i8 + a==y (^)* 

Hence the operation of vector addition is comyniitative, or the 
sum of any number of given vectors is independent of their order. 


5 . If the point a (Fig. 4) move in succession over the three 
edges AB, BC, co of a parallelopiped, 
we have 


and 

or 


AB -f- BC = AC, 

AC 4- CG = AG, 

(ab -f bc) + CG = AG. 


In like manner 

BC -f CG = BG, 

AB 4 BG = AG, 

AB 4 (bc CG) = AG. 


H G 



Hence 


(ab 4 bc) + CG = AB + (bc 4 cg) . . . (5), 


and the operation of vector addition is associative^^ or the sum 
of any number of given vectors is independent of the mode of 
srrouDinsr them. 
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6. Since, if ac = 7 (Fig. 3) , then ca = — y, we have 

a + yS — y= 0, 

or, comparing with equation (3), 

a 4- /? = 7, 

a term may be transposed from one member to another in a vector 
equation by changing its sign. 

Also, in eveiy triangle, any side may be considered as the 
sum or diiferenee of the other two, depending upon their direc- 
tions as vectors. Thus (Fig. 3) 

7- a = ^. 

It is to be observed that no one direction is assumed as posi- 
tive, as in Cartesian Geometiy. The only assumption is that 
opposite directions shall have opposite signs. The results must, 
of course, be interpreted in accordance with the primitive as- 
sumptions. Thus, had we assumed ba = a (Fig, 3) , 7 and 
being as before, then ^ 

/?-a = 7, 

a — P=—y. 

7, If two ’^^ectors having the same direction he added together, 
the sum will be a vector in tlie same direction. If the vectors 
be also equal in length, the length of the vector sum will be twice 
the length of either. If 71 vectors, of equal length and drawn 
in the same direction, be added together, the sum will be the 
product of one of these vectors by n, or a vector having the same 
direction and whose length is 7i times the common length. If 
then (Fig. 2) 

^ AF = .TAB = a?CD = iUa, 

where a, b and f are in the same straight line, cd = ab, and t 
is a positive whole number, x expresses the ratio of the lengths 
of AF and a. From the case in which x is an integer we pass, 
by the usual reasoning, to that in which it is fractional or in- 
commensurable. Vectors, then, in the same direction, have the 
same ratio as the corresponding lengths. 
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If AB = a be assumed as the unit vector, then 

AF = ma, 

in which m is a 2 '>os}tive numerical quantity and is called the 
Tensor. It is the ratio of the length of the vector ma to that 
of the unit vector a, or the numerical factor by which the unit 
vector is multiplied to produce the given vector. 

Any vector, as may be written in general notation 

/3 = T/3U/3. 

In this notation, Ty5 (read “tensor of /?”) is the numerical 
factor which stretches the unit vector so that it shall have the 
proper length ; hence its name, tensor. It is, strictly speaking, 
an abstract number without sign, but, to distinguish Ijctween it 
and the negative of algebra, it may be said to be always posi- 
tive. (read “ versor of is the unit vector having the 
direction of /? ; the reason for the name versor will appear later. 

T and XJ are also general symbols of operation. Written be- 
fore an expi’ession, they denote the operations of taking the 
tensor and versor, respectively. Thus, if the length of /? is n 
times that of the unit vector, 

T(i3) = 7i, 

where T denotes the operation of taking the stretching factor, 
z.e. the tensor. While 

r(y3)=r^ 

indicates the operation of taking the unit vector, that is, of 
reducing a vector to its unit of length without changing its 
direction. 

8 . If BC (Fig. 5) be any vector, and ba= 2 /bc, then 

— BA = AB = yBQ ; g 

and, in general, if ba and bc be 5 c a 

any two real vectors, immllel and 

of unequal length, we may always conceive of a coefficient y 
which shall satisfy the equation 


BA = 2/BC. 
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where y is plus or minus, according as the Tectors have the same 
or opposite directions, y may be called the geometric quotient, 
and is a real number, plus or minus, expressing numerically the 
ratio of the vector lengths. This quotient of parallel vectors, 
which may be positive or negative, whole, fractional or incom- 
mensui’able, but which is always real^ is called a Scalar, because 
it may be always found by the actual comparison of the parallel 
vectors with a parallel right line as a scale. 

It is to be observed that tensors are pure numbers, or signless 
numbers, operating only metrically on the lengths of the vectors 
of which they are coefficients : while scalars are sign-bearing 
numbers, or the reals of Algebra, and are combined with each 
other by the ordinary rules of Algebra ; they may be regarded 
as the product of tensors and the signs of direction. 

Thus, let 

a= aUa. 

Then Ta = a. If we increase the length .of a by the factor 6, 

is a tensor, but the tensor of the resulting vector is ha» If we 
operate with — — & is not a tensor, for a is not only stretched 

but also reversed ; the tensor of the resulting vector is as before 
ha ; in other words, direction does not enter into the conception 
of a tensor. As the product of a sign and a tensor, — & is a 
scalar. The operation of taking the scalar terms of an expres- 
sion is indicated by the symbol S. Thus, if c be any real alge- 
braic quantity, 

S (— 5aUa + c) = c, 

for — haYa. is a vector, and the only scalar term in the expres- 
sion is c. 

9. It is evident from Art. 7 that if a, &, o are scalar coeffi- 
cients, and a any vector, we have 

((ft -j- & -f- c) a = Ota &a -|- Get .... 

Fm’thermore, if (Fig. 6) 

OA = a, AB = /?, BC = y, OA^ = ma, 
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then, a'b' being drawn parallel to ab and b'c' to bc, 
a'pJ = b'c' = my. 


Now 


and 


oc = a + ^ + yi 


Fig 6 


oc' = Moc = m (a + /? H- y) . 
But we have also 


Hence 


oc' = oa' + a^b' + Bb' 
= ma + 7)1/3 + my. 



771 (a + /3 -jr y) = ma+ + })iy ... (7), 

or the distributive laiu holds good for the 7iiuUij>lication of scalar 
and vector quantities. 


10 . It is clear that while 

a — a= 0, 


a ± ^ cannot be zero, since no amount of transference in a direc- 
tion not parallel to a can affect a. 

Hence, if 

7ia + = 0, 


since a and (3 are entirely independent of each other, we must 
have 

7ia = 0 and 7np = 0, 


or 


Or, if 


71 = 0 and 711 = 0. 
ma 4- 71^ = 7U^a -h n'l3, 


then 

7)1 = 7ii^ and n = n\ 
And, in general, if 

2a-f 2/?=0, 

then 


5a = 0 and 5^ = 0 


• . («)• 
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Three or more vectors may, however, neutralize each other. 
Thus (Fig. 7) 


Fig 7. 



€—/?■— a= 0, 

and this whether aucd be plane or 
gauche. In any closed figure, there- 
fore, we have 

a + /? + 7 + S+ ■ * =0, 


w'here a, /3, y, 8, , are the vector sides in order. 


11. Examples. 

1. The right lines joining the extremities of equal and 

7ight lines are equal and i^ciTalleL 

Fig 8. 

Let OA and bd (Fig. S) bo 
the given lines, and oa = a, 
BO = DA = y. Then, by 
condition, bd = a. 

Now, 

BA = BO 4- OA = /5 + ti. ; 

also, , , 

BA — BD -h DA =: a -1- y ; 

or, equating the values of ba, 

/? 4-a= a-f-y. 

Hence (Art. 2) , y = jS, and bo is parallel and equal to da. 



2. The diagonals of a parallelogram bisect each other. 
In Fig. 8 we have 

BD = OA = OP -f- PA ; 

also 

BD = BP + PD ; 

OP 4- fa = BP + PD. 

But, OP and pd being in the same right line, 

OP = mpD. 


fSimilaiiy 


PA = nBP. 
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Hence 

mPD -{- ?iBP = PD -h BP, 

= 1 , = 1 , 

and 

OP = PB, BP = PA. 

3. If tioo triangles^ having an angle in each equal ayid the 
including sides pro 20 ortional^ be joined at one angle so as to have 
their homologous sides pamZZeZ, the remaining sides icill he in a 
straight line. 

Let (Fig. 9) AB = a, AE = /5. Then, 
by condition, no = oja, db = xj^. 

Now 

CB = CD H- DB = OJ (/3 — a). 

But 

BE = — a. 

Hence (Art. 2), b being a common point, cb and be are one 
and the same right line. 

4. If two right lines join the alternate extremities of two 
parallels^ the dine joining their centers is half the difference of 
the p)cirallels. 

We have (Fig. 10) 

AB = AD + DC + CB, 

and, also, 

AB = AE + EF + FB. 

Adding 

2 AB = (ad -f ae) + (DC H- ef) + (cb + fb) 

— EF — CD ; 

or, as lines, 

AB = |- (ef — CD) . 


Fig 10 

c D 



Fig. 9. 
D 
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5. The nedials of a triangle meet in a point and tnsecit each 
other. 

Let (Fig. 11) BO = a, CD — /?. Then 

/K OC — a, DA= /?. 

/ \ \ Now 

Ei(^l BA= 2a + 2/3 = 2 (a + ^) , 

/ since od= (a + ;8), ba and od are 

V parallel. 

li o c . . 

Again 

lip + PA = BA = 2 od = 2 (op + pd) . 

But BP and pd, as also op and pa, lie in the same direction, 

and therefore ^ _ 

BP = 2 PD and pa — 2 op. 

Hence the medials oa and db tnsect each other. 

Draw CP and pe. Then 


up^ 2 pd s=:f BD = |(2a4-/5)i 

and 

CP = CB + BP = -| (2a + y?)-2a = | - a) , 

PE=:PB + BE = a + /3-f (2a+^) (^-a). 

Hence pe and cp are in the same straight line, or the medials 
meet in a point. 


C. In any quadrilateral, qiiane or gauche, the Msectors of 
opposite sides bisect each other. 

We will first find a value for op (Fig. 12) under the supposi- 
tion that p is the middle point of 
GE. We shall then find a value for 
OPj under the supposition that p is 
the middle point of fh. If these 
expressions prove to be identical, 
these middle points must coincide. 
Ill this, as in many other problems, 
the solution depends upon reaching 
the same point hy different routes and comparing the results. 
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Let OA = a, OB = /?, oc = y. 

1st. OC + CG = OE + EG. (a) 

But 

CG = iCB = |(|5-y), 

which, in (a), gives 

7 H- — y) = 4- EG. 

EP = |EG = i(y-f-i8-a), 

OP = OE + EP = ia + i (y + ^«-a) 

= i(a4/3 + y). (b) 

2d. fH“-J-ab = fo4-oa, 

or 

FH - |(/3 - a) = - ^y 4- a. 

FP = iFH = i(a4-/3-“y), 

OP = OF -h FP = -i-y + i (a + /3 — y) 

= i(a + /34y)? 

which is identical with (6). Hence, the middle points of fh 
and GE coincide. 


7. If ABCD (Fig. 13) he any parallelogram^ and op any line 
parallel to dc, and the indicated lines he draim^ then will hn 
he parallel to ad. 


Let AM = a, BM = jS. 

Then 

AO = ma, 

AD — nCL +-PyS, 

OD = “- nid + na +pfi. 



We have 


NM = NO + OM = NP + PM, 


NO = .T ( — ma + na +p^) , 
OM = ( 1 — m) a, 

NP = X (— m/3 + na +P/3) , 
PM = (1 —m) 13. 


in which 
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Substituting in the above equation, obtain, by Art. 10, 

l—7ih 



X = 


m 


Substituting this value in 

mi = NO -j- OM, 


IfM = 1 ^ ( — ma + Ha +i)/ 8 ).+ (1 -~m)a 

m 

= l^(na+j>/3)=i^Ar. 

m m 


Hence ad and mi are parallel. 


8. jTT, through any point in a paralldograni^ lines be draion 
parallel to the sides^ the diagonals of the two non-adjacent 
parallelograms so formed will intersect on the diagonal of the 
original parallelogram. 

Fig u. Let (Fig. 14) oa = a, ob = 

c Then or = ma, oe = 5j/3. 

We have 

rd=ro-1-oe-|-ed=?i/ 3+(1— m) a, 

ES =eoH-ok+rs =ma+ (1—n) yS. 

Also 

FO = PR + RO = XRD + RO = X [fl6 + (1 — m) a] — ma, (a) 

and 

Fo = FE + Eo = yES + EO = 7/ [ma 4- (1 — 7i) j3] — nj8. (b) 
From (a) and (6) 

nx = 2/ (1 — r) — n and a; (1 — m) — m = ym. 
Eliminating y 

l—m — n 





9. IJ\ in any triangle oab (Fig. 15)., a line od be drawn to 
the middle point of ab, and he produced to any pointy as f, and 
the sides of the triangle he produced to meet af and bf in h and 
R, then will hr he parallel to ab. 

Let OA = a, OB = 13. Then or = xa^ 

OH = 2//?, AB = /3 — a. 

Now 

CD = OA + -J- AB = |- (a + /3) . 

Also, OF = » (a + /?) , that is, some 
multiple of od. 

Then, 1st. 

BR=j9BF, 

— /3-^xa=p (— ^+of) 

=P [-^ + 2 (a + j8)] ; 

• x=pz and —l=]pz—p. (a) 

Eliminating z 

p = x+l. 

And, 2cL 

AH = gAF, 

— a + ?//5 = g (— a -f- of) 

= g [— a + 2 ; (a-h^)] ; 
y = qz and — l = g2; — g. (6) 

Eliminating 
From (a) and (5) 



Fig. 16. 



Jl 
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and, since = £J3 + 1 and g = ?/ -f 1 , 


Fig. 15. 
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« = 2/ — 9 • 

RH = no + OH = 2//^ — OJa = itr (/5 
= a;AB, 


or, EH and ab are pai-allel. 


a) 


10. If any line pr (Fig. 16) he dmimi^ cutting the two sides 
of any triangle abc, and he produced to meet the third side in q, 
then 


Pig IG. 



PC * BQ . RA = CR . AQ • BP. 

Let BP = a, CR = /5. Then pc = 

HA = r/3 and ba = nc -}- ca = (1 + j;) a 

+ (1 + 0 /?. 

We have 


AQ = ajBA = 3! [(l+^j) a + (1 + ?•) ;8] , 

as also 

AQ = AR + EQ = — ryS 4 - J/PE = — »•/? + y (j’a + ^) • 

X (1 +jp) = yp and a; (1 + r) = — r 4- y. 


Eliminating 2 / a, = (1+ a;) jn- ; 
whence 

:^_BQ PC RA 
ba"~ba bp ’ cr’ 
or 


PC . BQ . RA = CR . AQ . BP. 


11. If triangles are eqxdmgnlar, the sides about the eqxial 
angles are proportional. 

Let (Fig. 17) Bc = a, ca = ^. Then be = ma, ed = ti/J, 
BD = ma. + and ba = a + ^. 

Now 

BD =; pBA, 

ma+?2/?=^?(a+/5). 

Whence 

m = p^ n^p and m = n, 

BE :bc: : ED : CA. 
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12. If^ tliroxigli any point o (Fig. 17), ivithin a triangle abc, 
lines he draicn parallel to the sides^ then nil! 


^ GF III _ 2 

CA CB Ali ~ 

Let CA = j3, CB = a. Then ab = 
a — 13^ ED = m/?, HI = p (a — /3) and 
GF — nCLm 

We have 



CO = CG + GO = CII 4- HO. (a) 

Now, as lines. 


VTr \jrA \ r\ 

— = — = n, CG = CA— GA= (1 — P* 

CB G A 

EB ED .. . 

— =771, GO = CE = CB — EB = (1— 7?l) a. 

CB CA ^ 

= = 771, .*. HO — AD = AB — DB = (1 — 777) (a — /5). 

AB AC V / \ r/ 

Substituting in (a) 

(1 — 7i) /? + (1 — 77l) a = + (1 — 7?l) (a — ^) , 

01 (Art. 10) ^ 771 4- p = 2. 


12. Complanar vectors are those lohich lie in, or parallel fo, 
the same plane. If a, /?, y are any vectors in space, they are 
complanar when equal vectors, drawn from a common origin, 
lie in the same plane. 

If a, p, y are complanar, but not parallel, a triangle can al- 
ways be constructed, having its sides parallel to and some miil- 
tipie of a, 7 , as aa, &/3, cy. If we go round the sides of the 
triangle in order, we have 

aoL 4- + cy = 0. 

If a, y8, 7 are not complanar, conceive a plane parallel to 
two of them, as a and /?. In this plane two lines may be drawn 
parallel to and some multiple of a and /?, as aa and hfB ; and 
these two vectors may be represented by p8 (Art. 3). 
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Now pBy being in the same jJane with cia and cannot 
therefore be equal to 7, or to any multiple of it ; p& and 7 can- 
not therefore (Art. 10 ) neutralize each other. Hence 

2j8 + C7 = aa + &/? -f- C7 cannot be zero. 
tlien^ ive have the relation 

Ota + 6/3 + C7 = 0 

betiveen non-parallel vectors, they are com2)la7iar; or, if a, / 3 , 7 
be not complanar, and the above relation be true, then, also, 

a = 0, 6 = 0, c = 0. 


13 . Co-initial vectors are those luhich denote transference 
from the same point. 


(a). If three co-initial vectors are complanar, and give the 
relations, ^ 

(S)), 


(«) 


aa + 6yS + ^7 — 0 ) 
ct-|-6-|-C5=0 j 


they loill terminate in a straight line. 


For, let OA = a (Fig. 15 ) , ob = on = y. Then da = a — y, 
BA = a — /3. 

From Equation ( 9 ), (b) 

(a -f- b -h c) a = 0, 

from which, subtracting (a) of Equation ( 9 ), 

6 (a — /3) - 4 - c (a — 7 ) = 0, 

6ba -f CDA = 0 ; 


and, since these two vectors neutralize each other, and have a 
common point, they are on the same straight line. Hence, 
A, D and B are in the same straight line. 


(6) . Conversely, if a, j 3 , 7 are co-initial, complanar and ter- 
minate in the same straight line, and a, 6, c have such values 
as to render 


then icill 
For 


da -f- 6/3 -f- C 7 = 0, 
a -h 6 4- c = 0. 

DA = a — 7 and BA = a — /3. 
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But, by condition, 

a-^ = a; (a-y), 
or 

(1 “ x) a — ^ + fljy = 0, 

in which 


(1 — a;) — 1 H- a; = 0. 


14. Examples. 

1. The extremities of the adjacent sides of a parallelogram 
and the middle point of the diagonal heticeen them lie in the same 
straight line. 

^ Fig. 18. 

Let OA = a, OB = yS, OC = y. 

Then 

OB = OB + BD, 

2y — /5 — a = 0. 

But, also, 2 — 1 — 1 = 

hence, b, c and a are in the same straight line (Art. 13). 



2. If tieo triangles.^ abc and smn (Fig. 19), are so situated 
that lines joining corresponding angles meet in a point.^ as o, 
then the pairs of corresponding sides produced will meet in three 
points^ p, Q, R, which lie in the same straight line. 

Let OA = a, OB = /?, OC = y. 

Then os = ma, om = TiyS, 

ON = Py, BA — a — yS, 

MS = ma — 71/3, 
br = a? (a — /3) and 
MR = y {ma — 71/3) • 

1st. BM = BR — MR, 
or 

71/3 — /3 “ a; (a — yS) — y {ma — n^) , 

— 1 — a; + y?i, x^my — 0. 

m {n — 1) 


Fig. 19. 
N 



Eliminating y 


aj = — 


m — n 
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Also 

^ m (?l — 1) . _ 

OR — OB + br = -h (<t — /S) = /3 — - j: yj, — — p)) 


whence 


OR = 


n (m ~ 1) /S — w (n — 1) a 


(a) 


2d. 


or 


CN = CP — NP, 

py~^y = v (71/3 ~ i>y) . 

^ — 1 = — 4- w;2^, — wh = 0. 


Eliminating 

Also 




n — 


72 ( P 1 ) 

0P = 0C + CP = 7 + u (/3 — 7) = 7 p (^~yX 


whence 


OP = 


_p(n-l)y-n(p-l)^ 




3d, In the same manner, we obtain 

^ m(j9-l)a-Jj(TO-l)y , . 

^ 

From (a) , (5) and (c) we observe that, clearing of fractions, 
and multiplying (a) by j; — 1, (&) by m — 1, (c) ])y n — 1, aud 
adding the three resulting equations, member by member, the 
collected coefficients of a, /?, y, in the second member of the 
final equation, are separately equal to zero. Hence the first 
member 

OR (m—’ii) (2) — 1) + OP (n— p) (m —1) + oq (jj—m) (n ~1) = 0, 
But 

(m 7i) (p — 1) -f (n — p) (m — 1) + (p — m) {?i — 1) == 0. 
Hence, e, p and q are in the same straight line. 
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3. Given the relation 

Ci(L -f- -f" Cy — 0 * 

Then a, /?, y are complanar ; but, if co-initial (as they ma}- 
be made to be, since a vector is not changed by motion parallel 
to itself, Le. by translation 
vrithout rotation) , and a + ^ ‘ 

& + c is not zero, they do 
not terminate in a straight 
line. Hence, if o is the ori- 
gin, and A, B, c, their ter- 
minal points. A, B and c 
are not collinear. Let these 
points be joined, forming 
the triangle abc (Fig. 20), 
and OA, OB, oc prolonged to 

meet the sides in aJ bJ cI To find the relation between the 
segments of the sides, let 



whence 


0A'=a'=a7a, Ob'== yjS, oc'—y=Zy. 


a' 

a = -, 
X 


^ y ^ 


Substituting these in succession in the given relation, 


— -j- Cy — 0, 

X 

Ua + Cy = 0, 
aa + &i8 4-^y= 


whence, since a,^ c, b are to be collinear, 

«+5 + c = 0, 
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and, for a like reason, 


Whence 


<]C H f- c — 0, 

y 

ot -f- & -{ — = 0* 
z 


0? = — : 


& + C 


and 


'h + c ’ 




a H-c 




a + c 




c 

ft + &’ 


7 , 


ft -(- & 


y? 


or, from the given relation, 

I hj^ *4- Gy Cy “1“ CLo. f C6a “f- 

6-f c ’ c + a ' a-{’h 

Whence 

& (a^- IB) :=Q {y - a'), 
c (/9'-y)-a(a-/50, 

ft (y- a) = 6 {13 -y), 
and 

BA.'_ c cb' _ ft AC' __ b 

a'c b'a o’ c'b a 

or, multipljdng, 

ba' • cb' . ac' . = a'c . b'a . c'b* 


4:, If o (Fig. 20) he any pointy and abc any triangle^ the 
transversals through o and the veHices divide the sides into seg- 
ments having the relation 

ba' . cb' , ac' • = a'o . b'a • c'b. 

Let a'c = a, bc = fta, cb'— CA = 6/?. Then ba = aa + &/?. 

Also let 

BO = £rBB{ OA = ^a'a, BG^= ??iBA, CO'= I^CO. 
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Then 

BO =: OJBB' = CC (bC + Cb') = £C (CiCL+jS) , 

OA = 2^a'a = y (a'c + ca) = 2/ (a+ 5/?) , 

Bc'= mBA = m (aa + , 

cc'= ZQO = « (CB + bo) = 2 [— aa -|- a; (aa 4- p)~\ 
From the triangle boa we have 

BO + OA + AB = 0, 

X (aa + jS) + 2/ (a + &j8) — 5/3 ~ aa ^ 0 . 
a;a + 2 / — a=:0, + — 5 = 0. 

Eliminating y __ 5 (1— a) 

l~5a ‘ 

From the triangle bcc' 

BC 4- cc'4- c'b = 0, 

aa 4- « [— aa 4- a? (aa 4- /3)] — m (aa 4- 5/3) = 0, 


whence, as usual, and substituting the above value of x 


or 


1 — m = 2 


( 1 - 

l-5a ’ 


m = 2; 


l-g 
1— ha 


1 — ?7l __ 1 — 5 
m ”” 1 — a 


Substituting for m, 5 and a. 


g'a_ ab' ca' 

BC'” b'c ’ A^b’ Fiff 30. 

which is the required relation. 

5. If (Fig. 20) lines he 
drawn through aJ bJ cJ and 
produced to meet the opposite ® 
sides of the triangle in p, q, 

R, then are p, q and e coZ- 
Unear, 
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With the notation of the last example, 

a — 1 


BC' = mBA : 


Cl — 2 

1st. From the triangle c'ba' 

c'a'= c'b -1- ba' 


— {aa + hp^. 


a —1 


ct 4“ — 2 

a —1 


(ft a 4- "h (cf' — 1 ) a 


Also 


a + b— 2 




a'ii = a'c'A = a'c 4- cr = a^c — y/?, 

‘ - 


and 


BR = BC -4 OR = fta — /?. 

0—2 

2d. Fi'om the triangle c'ab' 

g'ij'= c'a 4- ab' 

= (1 — m) (fta + b^) + (l—b) (3 


Also 


a4-5-2‘ 

b'q — £rc'B'= b'c 4- cq = b'c 4- ya, 

^ ; [fta — (ft — 2) ^] = — /? 4- 2^<x, 


ft 4- & - 2 ‘ 




■a-2’ 


and 

3a. 


BQ = BC 4- CQ = (ft 4- ?/) a = 

ft — 2 


Ah^ = a‘A'B'= a; (a 4- /?) , 
a'p = a^b 4- bp = ( 1 — ft) a 4- ?/ (fta 4 - b/3) , 

_ ft -1 
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BP=2/BA=|^(aa + 6j8). (c) 

Multiplying the second members of (ct), (&)} (c), by (a— 1) 
(ft — 2), — (a — 2) (& — 1), (a — 6) respectively, them sum is 
2 ero. Hence 

(a —1) (6 — 2) BR — (a — 2) (6 — 1) bq + (a — 6) bp = 0. 

But 

(a — 1) (6 — 2) — (a — 2) (6 — 1) + (a — 6) = 0. 

Hence r, q and p are collinear. 


^6. iy PC (Fig. 20) and po he produced to meet aa' and bc, 
then T and s are collinear uitJi cl A similar proposition would 
obtain for q and r. 

With the following notation, 


we have 


BA = a, BA'= Bb'=: aa + 5^, 

BO = BA 4- Ab'+ b'o = BA'+ a'o, 

a 4- &/S — (1 — ’ a) a + a;(aa^4“ = /5 4" Z/(“ 

a 


BO 


also 

a-l4‘& 


a 4- 6’ 
_ 4- aa . 

”‘a+F’ 


Fig. 20 


^(?= ■ 


BP = 


1-6 

aa 


and 


1-6’ 



BC = BA'4- A'C — BA 4- AC, c.ba-^b&^ 

^ + Vfi = a + u[(l — a) a — &j83,-» TaV. ft 14 J 
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V 

BC 


6— 1 
" 1-a ' 

^ ¥ 

1 — a 


Now to find BS, Bc' and bt, we have 


Fig. 20. 



1st 

BS = x ' ba ' = bp + y^po, 

••• 

= - ■ 

1 — 2& — . a 
2d. 

BC' = 'y'BA = BC + WCO, 


v'=- 

B&- 


a 


2a + b-l' 
ao. 


%a + h-l 


3d. BT = ba'+ a't = ba'+ «'a'o = bp + lo'pc, 

• • ^ 

a — 0 

„ hB — aa 

Br = -V 


Clearing of fractions and adding 

^1 — 26 — a) BS + (2a + 6 — 1 )bc^+( 6 — a) bt — 0, 

as also 

(l-.26-a) + (2a + 6-l) + (6-"a) = 0. 
Hence s, c' and t are collinear. 


15 A medial vector is one drawn from the origin of two co- 
initial vectors to the middle point of the line joining their 
extremities. 
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Thus (Fig. 21), if p is the middle point of ab, op is a medial 
vector. To find an expression for it, let oa = a, ob = y?, then 


or, adding, 


OP = OA + AP = a + AP, 
OP = OB + BP — AP, 


OP = 


a + /? 
2 


( 10 ). 


The signs in this expression will, of course, depend upon the 
original assumptions. Thus, if ao = a, 


OP = — a 4 - AP = /? — AP, 

OP = ^. 

2 


16. An Angle-Bisector is a line which 

To find an expression for an angle-bi- 
sector as a vector, let OE = a (Fig. 21) 
and OF = y3 be unit vectors along oa and 
OB. Complete the rhombus oedp. Since 
the diagonal of a rhombus bisects the 
angle, pD is a multiple of op. Now od 
= a + /3, hence 

OP = aj(a+/5) . . (11). 

In this expression op is of any length and x is indeterminate. 

If OP is limited, as by the line ab, then 

AP = a;(a-i-^) — eta, 

AP = 2 /AB = ^(dj8 - aa ) , (a) 

x(a + /3) — aa = y(b/3 — aa), 
or 

£c — a = — 2/a and x = 

Eliminating x 

Substituting in (a) 

ap = -?L_ab (12). 

a + b 


bisects an angle. 

Fig 21. 

O 
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17 . Examples. 

1. If parallelograms, whose sides are parallel to two given 
lines, he described upon each of the sides of a triangle as diago- 
nals, the other diagonals will intersect in a point. 

Let ABC (Fig. 22) be the given tri- 
^ Fig, 22 . ^ angle. Let the diagonals b'f and a'd 

intersect in p, and suppose oe to meet 
a'd in some point as p! 

Let OA = a, on'=:/3, whence oa'= 
ma, OB = 71/3. 

Now 

b'p — DP=:a, (a) 

But 

b'p =: 2 /b'q -i (b'c + b'b) (Art. 15) 

And 

DP= 2DH = . -I (do + oa') 



Substituting in (a), we obtain, as usual. 


Again 

But 


OP — DP'=: a -}- /?. 

op'= a;oa = a; - (oa + ob) 

= (a -1“ ' 


(&) 


Substituting in (5) 
as before, 


this value of op' and dp'= we obtain 

2 (1-n) 
i i 

1 4- mn — n 


Or, 7 ;pH = 2 !DH Dp'= DP. Heiico, p and p' coincide, and 
the three diagonals meet in a point. 

2. A t 7 *iangle can ahvays be constructed whose sides are equal 
and parallel to the medials of any triangle. 
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In Fig. 23 we have 

AA = AB -f" BA^=: AB -f- ■jBC. 

BB'™ BC + ^-CA. 

CC^ = CA -{- •jAB. 

AA'-hBB'+CC'=5(AB-i-BC + CA) = 0. (Art. 10). 

3. The angle-hisectors of a triangle meet in a point. 

Let a, 7 be unit vectors along bc, 

AC, AB (Fig. 23). 

Then (Art. 16) 

ap = x(j + I3), 

BP = !/(a — y). (a) 

Now 

BC = AC — AB, 
aoL = l}j3 — cy {b) 



where a, &, c are the lengths of the sides. 
Substituting a from (b) in (a) 


BV = yC^^-^-y 


"We have also 


CP = AP — AC = a (y + ^) — b/3, 
fbl3- Gy \ 

CP=BP + CB = ^ ( — — i _yl + cy — 6y3. 

yc yb 

x= — — -y + c, x-b = — -b. 


Eliminating y 


Substituting in (c) 


cit -f“ b c 


CP = (y + /3)-6;8 

a + b + c^' ^ 


a+-& + c‘-^ '' 

z= ^ (— aa — a/3) 

a+.h + c^ 

Hence (Art. 16)^ is an angle-bisector. 
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18 . The Mean Point of any polygon is^ that to loMch the 
vector is the mean of the vectors to the angles. 

Hence, to find the mean point, add the vectors to the angles 
and divide by the number of the angles. Thus, if a^, a 2 , 03 .... 
be the vectors to the angles, the vector to the mean point is 

-f- as + “3 + 4* ttn 


where n is the number of the angles. 

The mean point of a poljedron is similarly defined. It co- 
incides in either case, as will aj^pear later, with the center of 
gravity of a system of equal particles situated at the vertices 
of the polygon or polyedron. 


19. Examples, 


1 . The mean point of a tetraedron is the mean point of the 
tetraedron formed ly joining the mean points of the faces. 


rig, 24. 
G 



Let (Fig. 24) OA ~ a, OB s= /?, oc = 
y. The vectors from 0 to the mean 
points of the faces are 

i(a + /? + y), 
i 


and that to the mean point of the tetraedron formed b}' joining 
them is 


i 


a + ^ + y , a + 13 , a + y , y-f/3“ 
S 3 3 ‘3 


= + /? -b y) 5 


which is the vector to the mean point of oabc. 

The same is true of the tetraedron formed by joining the mean 
points of the edges ab, bc and ca with o, since 


“ +0 , P + y , “+y' 

-T-+-^ + — 


= i(“ + i3+y). 
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The above is, of course, independent of the origin, and would 
be true were o not taken at one of the vertices. 

2. The intersection of the bisectors of the sides of a quadrU 
lateral is the mean jpoinL 


Let (Fig. 25) oa = a, ob = /?, oc = y, 
od = 8, OR = p. Then (Art. 15) 

p — 1 (of 4- oe) 

= T [i + +1 (y + /^)] 

= j(a-|-^+'y + S)- 



If 0 is at A, then oa = a = 0, and 

P = i(/S + r + 8)- 

3. If the sides {in order) of a quadrilateral he divided propor- 
tionately^ and a neiv quadrilateral formed by joining the points 
of division^ then will both qiiadrilaterals have the same mean 
point. 

Let a, y, 8 be the vectors to the vertices of the given 
quadrilateral, from any initial point o. * 

Then, for the vector to the mean point, we have 

i (a 4- ^ + y + 8) . 

If m be the given ratio, and aj y\ 8' the vectors to the ver- 
tices of the second quadrilateral, then 

a'= a -\- m {13 — a) = {I — m) a + 

/3'=(l-m)^4-my, 

y' ( 1 — m) y 4“ m,S^ 

8^ = a + (1— m) (8 — a) = 8 — m (S — a) ; 

whence 

i ^0 = i (^ + ^ + y + ^)* 
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4. In any qiiaclrilateral^ i^lane or gauche^ the middle 
of the bisector of the diagonals is the mean iioint. 

Let (Fig. 26) oa = cl, ob = /5, oc = y, os = 

Q Then (Art. 15) 

OP = ^ (oQ + os) 

= +^y] 

— i (a + ^ 4- y) . 

5. If the Hco opposite sides of a quadrilateral he divided pro- 
portionately^ and the points of division joined^ the mean points 
of the three quadrilaterals toill lie in the same straight line. 

Let g{ a' (Fig. 27) be the points 
of dmsion, and m the given ratio. 
Then, if oa = a, bc = y, oa^= wa, 
c^c = my, AB = /? and o is the in- 
itial point, the vectors to the mean 
points p, pj p*’' are 

OP = ^ (3 a -(- 2 /? + y) . 

op^ = i [(m + 2) a+ 2^ + (2 - m)y], 

OP^'= 4 [(m 4- 3) a + 2 /?-f (1— m)y] ; 

. — - — (y — a), 

4 

(y - a) . 

Therefore, pJ pJ^ p are in the same straight line. 

20. Exercises. 

1. The diagonals of a paraUelopiped bisect each other. 

2. In Fig. 58, show that bo and ch are parallel, 

3. If the adjacent sides of a quadrilateral be divided propoi^ 
tionately, the line joining the points of division is parallel to the 
diagonal joining their extremities. 


Fig. 27. 

C B 



Pig 26 . 
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4. The medial to the base of an isosceles triangle is an angle- 
bisector, 

5. In any rigHt-angled triangle abc (Fig. 58), the lines bk, 
CF, AL meet in a point. " 

6. Any angle-bisector of a triangle divides the opposite side 
into segments proportional to the other two sides. 

7. The line joining the middle point of the side of any paral- 
lelogram with one of its opposite angles,, and the dia^qnal which 
it intersects, trisect each other.U4A>AvUw‘A 

8. If the middle points of the sides of any quadrilateral be 
joined in succession, the resulting figure will be a parallelogram 
with the same mean point. 

9. The intersections of the bisectors of tft exterior angles 
of any triangle with the opposite sides are in the same straight 


line. I 

10. If AB be the common base of two tiiangles whose vertices 
are c and d, and lines be drawn from any point e of the base 
parallel to ad and ag intersecting bd and bc in f and a, then is 
Fo parallel to no. 



CHAPTER II. 

Multiplication and Division of Vectors, or Greometrie Multipli- 
cation and Division* 


Vi'S 2S. 


21 . Elements of a Quaternion. 

The quotient of two vectors is called a Quaternion. 

"We are now to see wliat is meant by the quotient of two 
vectors, and what are its elements. 

Lot a and /?' (Fig. 28) be two vec- 
tors drawn from o and o' respecti^'ely 
and not Ij'ing in the same plane ; and 
let their quotient be designated in the 

r, usual way by j,. 

Whatever their relative positions, we 
o'' n' may always conceive that one of these 

vectors, as /?,' ma}^ be moved parallel 
to itself so that the point o' shall move over the line o'o to o. 
The vectors will then lie in the same plane. Since neither the 
length or direction of /?' has been clianged during this parallel 
motion, we have /? = and the quotient of any two vectors, a, 
will be the same as that of two equal co-initial vectors, as a 


and yS. We are then to determine the ratio in which a and ^ 

lie ill the same plane and have a common origin o. 

Whatever the nature of this quotient, we are to regard it as 
some factor which operating on the divisor produces the dividend^ 
2 .e, causes /3 to coincide with a in direction and length, so that 
if this quotient be q, we shall have, by definition, 


J?2 


q^=a 


when 



• • ( 14 ) 
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If at the point o' we suppose a vector o'c = 7 to he drawn, 
not parallel to the plane aob, and that this vector he moved as 
before, so that o' falls at o, the plane which, after this motion, 
7 will determine with a, will differ from the plane of a and /3, so 
that if the quotient 



q and q' will differ because theii* planes differ. Hence we con- 
clude that the quotients q and q' cannot be the same if a, /? and 
7 are not parallel to one plane, and therefore that the position 
of the plane of a and /3 must enter into our conception of the 
quotient q. 

Again, if 7 be a vector o'c, parallel to the plane aob, but 
differing as a vector from then when moved, as before, into 
the plane aob, it will make with a an angle other than boa. 
Hence the angle between a and /? must also enter into our con- 
ception of g. This is not only true as regards the magnitude of 
the angle, but also its direction. If, for example, 7 have such a 
direction that, when moved into the plane aob, it lies on the 
other side of a, so that ago on the left of a is equal to aob, then 


the quotient ql of in operating on 7 to produce a must turn 7 

y 

in a direction opposite to that in which ^ turns /3 to produce 


a. Therefore q and q' will differ unless the angles between the 
vector dividend and divisor are in each the same, both as regards 
magnitude and direction of rotation. Of the two angles through 
which one vector maj be turned so as to coincide with the other 
is meant the lesser, and it will therefore, generally, be < 180 ? 


Pinally, if the lengths of /S and 7 differ, then ^ = q will still 
a ^ 

differ from - = g! Therefore the ratio of the lengths of the vec- 

y 

tors must also enter into the conception of q. 

We have thus found the quotient g, regarded as an operator 
which changes ^ into a, to depend upon the plane of the vectors, 
the angle between them and the ratio of their lengths. Since 
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two angles are requisite to fix a plane, it is eyiclcnt that q 
depends upon four elements, and performs tivo distinct opera- 
tions : 

1st. A stretching (or shortening) of /?, so as to make it of 
the same length as a ; 

2d. A turning of /3, so as to cause it to coincide with a in 
direction, 

the order of these two operations being a matter of iiidifier- 


Fig. 28 . 



eiicc. 

Of the four elements, the turning operation depends upon 
three ; two angles to fix the plane of rotation, and one angle to 
fix the amount of rotation in that 
X>lane. The stretching operation de- 
jiends only upon the remaining one, 
upon the ratio of the vector 
lengths. As depending upon four 
elements we observe one reason for 
calling q a quaternion. The two ope- 
rations of which^s the syinl)ol being 
entirely indepencTciit of each other, a 
quaternion is a coinpUx quantity^ decomposable, as will he 
seen, into two factors, one of which stretches or shortens the 
vector divisor so that its length shall equal that of the vector 
dividend, and is a signless number called the Tensor of the 
quaternion ; the other turns the vector divisor so that it shall 
coincide with the vector dividend, and is therefore called the 
Versor of the quaternioju These factors are symbolical!}" repro- 
sented by and U$, read “ tensor of and ‘^versor of 
and q may be written 

g — Tr? . Ug. 


22 . An eqmlity hettoeen ftvo quatermons may be defined di- 
rectly from the foregoing considerations. 

If the plane of a and /3 be moved parallel to itself ; or if the 
angle aob (Fig. 28) , remaining constant in magnitude and esti- 
mated in the same direction, be rotated about an axis through o 
perpendicular to the plane ; or the absolute lengths of a and ^ 
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vary so that their ratio remains constant, q will remain the same. 
Hence if ^ , 

and q\ 


then will 
when 


a 




1st, TJie vector lengths are in the sayne ratio^ and 
2d. The vectors are in the same or parallel planes and 
3d. The vectors make loith each other the same angle both as 
to magnitude and direction. 

The plane of the vectors and the angle between them are 
called, respectively, the plane and angle of the quaternion, and 

the expression ~, a geometric fraction or quotient. It is to be 

observed that q has been regarded as the operator on produc- 
ing a. This must be constantly borne in mind, for it will sub- 
sequently appear that if we write a to express the operation 
by which q converts ^ into a, q^ and will not in general be 
equal. 


23 . Since (7, in operating upon ^ to produce a, must not only 
turn ^ through a definite angle but also in a definite direction, 
some convention defining positive and negative rotation with 
reference to an axis is necessaxy. 

By positive rotation with I’eference to an axis is meant left- 
handed rotation when the direction of the axis is from the plane 
of rotation towards the eye of a person who stands on the axis 
facing the plane of rotation. 

[If the direction of the axis is regarded as from the eye 
towards the plane of I’otation, positive I'otation is righthanded. 
Thus, in facing the dial of a watch, the motion of the hands is 
positive rotation relatively to an axis from the eye towards the 
dial. For an axis pointing from the dial to the e^'e, the motion 
of the nands is negative rotation. Or again, the rotation of the 
earth from west to east is negative relative to an axis from north 
to south, but positive relative to an axis from south to north.] 

On the above assumption, if a pei'son stand on the axis, fac- 
ing the positive direction of rotation, the positive direction of 
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Eig. 31 (5is), 


tke axis will always be from the place where ho stands towards 
the left. 

If 2 , A;, j (Fig. 31) be thi-ee axes at right angles to each other, 
with dhections as indicated in the 
figure, then positive rotation is from i 
to J, from j to A', and from A to ^ rela- 
tivel}' to the axes A, u j respectively. 
A precisely opposite assumption would 
be equally proper. ■The above is in 
accordance 'wdth the usual method of 
estimating positive angles in Trigo- 
nometry and Mechanics. 

24 . Let OA. and on (Fig. 29) be au}^ 
two CO- initial vectors whose lengths are a and a and /? being 
unit vectors along oa and on, so that 



Fig. 29 


OA = aa, 
OB = hjS. 



Let the angle boa between tlie 
vectors be represented by (j > ; also 
draw AD perpendicular to ob, and 
let the unit vector along da be S, 
The tensor of od is evidently 
a cos <j> and that of da a sin <^- If 
we assume that, as in Algebra, geometrical quotients which 
have a common divisor are added and subtracted by adding and 
subtracting the numerators over the common denominator, so 
that 


then, since 
we have 

oa 


OB 


a y a±y 




OA = 00 + I>A, 


OD + DA OD 

DA 

OB ” OB 


a .,13 , a sin . 8 

b.fi ' 

b . 13 

o /cos <l> . 13 1 

sin . B\ 
o ) 



GEOMETRIC MULTIPLICATION AND DIVISION. 87 


We have already defined (Art. 8) the quotient of two parallel 
vectors as a scalar, and in the first term of the parenthesis, /8 

being a unit vector, ^ = 1? and 


OA a/ , , • j S\ 

— = -[ cos6 + sm<f> . - j. 
OB pJ 


(a) 


The last term contains the quotient ^ of two unit vectors at 

right angles to each other. This quotient is to be regarded, as 
before, as a factor which, operating on the divisor jS, produces 
S, i.e., turns /3 left-handed through an angle of 90®; and this 
quotient must designate the plane of rotation and the direction 
of rotation. If we define the effect of any unit vector, operating 
as a multiplier upon another at right angles to it, to be the turn- 
ing of the latter in a positive direction through an angle of 90® 
in a plane perpendicular to the operator, then the unit vector c, 
drawn from o perpendicular to the plane of 8 and and in the 
direction indicated in the figure, will be the factor which oper- 
ating on /? produces 8, and 


c^ = S 


“■ r 


The unit vector c, as an axis, determines the plane of rotation ; 
its direction determines the direction of rotation, and by defini- 
tion its rotating effect extends through an angle of 90® ; as a 
quotient, therefore, it completely deteimines the operator which 
changes into 8. Equation (a) thus becomes 


— =^(cos<^ + c sin <^), 

OB 0 

or, if OA and ob be themselves denoted by a and /3, and the ten- 
sors of a and j8 by Ta and T/3, 
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in which — is the tensor of o, being the ratio of the vector 
T/3 

lengths, and cos<^ + e sin^ is the versor of its plane, deter- 
mined hy the axis e, and angle (/> being the plane and angle ot 
the quaternion. 

When a and /3 are of the same length, or Ta=T^, 

and the effect of <7 as a factor, or operator, is simply one of 
version. 

Like T, the symbol V is one of operation, indicating the oper- 
ation of taking the versor, so that 


Ug = cos <^ + e sin 


Fiir 2‘1, 


This operation takes into account but one of the two distinct 
acts which we have seen the quotient q must perform, as an 
agent converting into a, namely, the act of version ; it thus 
eliminates the quantitative element of length. In this respect it 

is similar to the reduction of a vec- 
tor to its unit of length, an opera- 
tion which also eliminates this same 
element of length, and has been 
designated by the same sjmibol U. 

When a and ^ are at right angles 
to each other, = 90? and the ver- 
sor cos - 4 - € sin ^ reduces to the 
unit vector c, which has been de- 
fined, as an operator, to be a versor turning a line at right 
angles to it through an angle 90? Any vector, therefore, as a, 
contains, in its unit vector in the same direction, a versor 
element or factor of which Ua is the symbol, U indicating the 
reduction of a to its unit of length or the taking of its versor 
factor. Hence the appellation versor of a (Art. 7) . 

If in Equation (15) the vectors be reduced to the unit of 
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25. AVe may noAV express the relation 

- = — (cos ^ € sin <i) = ^ 

ill the symbolic notation 

- = T-.U- ! 

^ ^ -e 1 

or j 

<2 = . Ug J 


(Eq. 15) 


(1C). 


and say that the quotient of two motors is the product of a tensor 
and a versor; and that 

1st. The tensor of the quotient^ 
tensors; 

2d. The versor of the quotient^ (cos<^+ € sin<^), is the cosine 
of the contained angle plus the product of its sine and a unit 
vector, at right angles to their plane and such that the rotation 
which cemses the divisor to comcide in direction with the divide7id 
shall he positive. 


[ — ), is the 7'atio of their 


Fig. 30. 


26. If, for ~ = g, we write ^ = ql it is evident that differs 
/3 a 

from q both in the act of tension and ver- 
sion ; the tensor of q^ being the reciprocal 
of the tensor of q, and the unit vector e, 
while still parallel to its former position, 
is reversed in direction (Art. 23) since 
the direction of rotation is reversed (Fig. 

30). Hence 

^ (cos ^ — € sin 
a Ta ^ 



^ is called the reciprocal of As already remarked, the 
a • p 

positive direction of € is a matter of choice. It is only neces- 
sary that if we have + e in U^, we must have — c in IT^, or 

p o. 

conversel}". 
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27. Let i, j, k (Fig. 31) represent unit vectors at right angles 
to each other. The effect of any unit “^'eotor acting as a multi- 
plier upon another at right angles to it, 
has been defined (Art. 24) to be the 
turning of the latter in a positive dmec- 
tion in a plane perpendicular to the ope- 
rator or multiplier through an angle of 
90? Thus, i operating on j produces k. 

This operation is called multiplica- 
tion, and the result the product, and is 
expressed as usual 

(i«)- 

The quotient of two vectors being a factor which converts 
the divisor into the dividend, we have also 

( 19 ), 

either the product or quotient of two unit vectors ai right angles to 
each other being a unit vector perpendicular to their plane. 

This multiplication is evident^ not that of algebra; it is a 
revolution, which for rectangular vectors extends tlnough 90? 
Nor is k in Equation (18) a numerical product, nor i in Equa- 
tion (19) a numerical quotient. This kind of multiplication and 
division is called geometnc. 

In accordance with the above definition we may write the fol- 
lowing equations : , ^ 

ij ==zk - = i 

J 

jk =;l iz=zj 

Jei=j l=:]c >■.... (20). 

i [ 

Jcj = ^i — SB ]c 

J 


Tiff, 31, 
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ik = — j 

Tc(-^j) = i 

Since tlie effect of k, j as operators is to turn a line from one 
direction into another which diffei’s from it by 90? they are 
called qiiadrantal versors, 

28 . Since 

and ix& = — i = — Ixi, 

we have 

i X ixj=—lxjj 
or 

i X i = — 1. 

We ma}’ denote the continued use of i as an operator by an 
exponent which indicates the number of times it is so used. 
This is consistent with the meaning of an exponent in algebraic 
notation. In both cases it denotes the number of times the 
operator is used, in one instance as a numerical factor, in the 
other as a versor. Thus 

jjtii = f i®, ^ etc. 

JJ r 

In conformity to this notation the above equation becomes 



i*=-l 


( 21 ), 
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aud in a similar manner, 


/=-i| 

i®=-i j 


. ( 22 ). 


¥ig. 31 

j 


Hence the square of a unit vector 2 S — 1. 

The meaning of the word ‘‘ square ” is more general than that 
which it possesses in Algebra, as was that of the word “product ” 
in Art. 27. The 2 )ropriGty of this ex- 
tension of meaning lies in the fact that 
for certain special cases, the jDroeesses 
above defined reduce to the usual alge- 
braic i)rocesses to which these terms 
were originally restricted. The conclu- 
sion = — 1 is seen to follow directly 

from the definition, since if t operates 
twice in succession on either ± j or ± A*, 
it turns the vector, in either case suc- 
cessively through two right angles, so 
that after the operation it points in the oj^posite direction. A 
similar reversal would have resulted if the minus sign had been 
written before the vector. Thus — (±J) = Ti. Hence ix iy 
or 2 ®, as an operator, has the effect of the minus sign in revers- 
ing the direction of a line. 



29 . It is to be observed that so long as the cyclical order a, j, 
e, j, A:, i, .... is maintained, the product of any two of these 
three vectors gives the third j thus 

ij^ky jk = iy ki^j\ 

and therefore 

(j'k)i== ii = = — 1, 

=/ = -!; 

ii = 1, 

j(7«)= i/ = /=-!, 
h{ij) =Tik=zl^=-~U 


as also 
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hence 

^ (y) = 

which involves the Astsockttive lav:, 

We ma}" therefore omit the parentheses and write 

iJ7c = jki='kiJz=-^l (23), 

or, the continued product of three rectangular unit vectors is the 
same so long as the cyclical order is maintained. 

But 

= .... (24), 

or, a change in the cyclical order revei'ses the sign of the product, 

" 30 . In Equation (24) we have assumed that 
A;(-A) = -U. 

That this is the case apioears from the fact that i operating on 
— j produces — A:, or 

»(-y) — k, 

and that the same result w^ould he obtained by operating with i 
on j, producing fc, and then reversing k. That is, to timi the 
negative, or reverse, of a vector through a right angle, is the 
same as turning the vector through a right angle and then re- 
versing it. The negative sign zs, therefore, commutative with z, 
A’, or 

i{-j)^^ij==^k ...... (25). 

31 . It follows directly from the definition of multiplication, 
as applied to rectangular unit vectors, that the commutative prop- 
erty of algebraic factors does not hold good. For 


but 


0 * = 

ji = — k. 
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Hence, to change the order of tTie factors is to reverse the sign 
of the product. The operator is alwa3's written first ; and, since 
the order cannot be changed without affecting the i*esult, in 
reading such an expression as ij = i, tins sequence of the factors 
must he hidicated b}' sajing “ i into j 
equals Ic” and not “ i multiplied bj' J 
equals the latter not being true. 

Hence also the conception of a quo- 
tient as a factor requires a similar dis- 
tinction, which in Algebra is unneces- 


Tig. 31. 



saiy. 


In the latter, from - = we 
0 


have, inditforently, ah = c and ha = c. 
But from - = while fj = k is true, 

j 


tVVCCAL W) J ClliVl — , 

be taken to conform to the definition, the quotient being used 
as the multiplier or operator on the divisor. This non-com- 
mutative propert}' of rectangular unit vectors, which results 
directlj’ from the primaiy definition of the operation of multipli- 
cation, will be seen hei-eafter to extend to vectors in general 
and to quaternions, whose multiplication is not commutative 
except in special cases. 

The quotient then being a factor which operates on the divisor 
to produce the dividend, we have 

■ • ( 26 ), 


-,J = h, that is, 


the cancelling being performed by an upward right-handed stroke. 
But')^= Jfc is not true, for this would involve jli = ij. 


32 . It follows also that the directions of rotation of a fraction, 
as -, and its reciprocal are opposite. Thus 

j 
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and therefore that the reciprocal of the quotient i is — or 


1 

i 


— i 


m ; 


that IS, the reciprocal of a unit 'vector is the vector reversed, 
ma}" he \yritteii 

i = 

i 


This 

( 2 !)), 


the exponent denoting that, as a factor or versor, I is used once, 
while the minus sign before the exponent indicates a reversal in 
the direction of rotation. 


33. If a be any unit vector, we obtain from the preceding 


Article 

a-= a( — a) 
a 


But 






hence 

1 1 

~a=a- 

a a 

. . (30), 


or, a unit vector and its reciprocal are commutative and their 
product plus unity. 

If a is not a unit vector, 


a = TaUa, 
a TaVa To. 


- (31), 


the tensor of the reciprocal of a vector hang the reciprocal of its 

tensor, ^ 

It must be carefully observed that a fraction, as cannot be 

11 ^ 
written indifferently or ifc, for this would involve 

which is not true. 
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1 . h 

definition or — —}= -• Hence, 

-==fel or From the meaning attached to the ordinaiy 

i i 

notation of algebra, 

1 - = -^ (<^) 
i i 

would appear to be correct ; for, cancelling, we have k = k. 

Whereas, since ~ must be written we should have 
i ^ 

ji[--k]-k, 

f course that equation (a) is false is 
directly e^ddent from the fact that 

^ and (a) involves i ( — J) = ( — i) i 

or The above, however, shows 

that, as cancelling must l)c performed 
b^' an upward Hglit-handed stroke 
when the expression is in the form of 
a quotient or fraction, so when ex- 
pressed in the form of multiplication, 
the cancelled factors must be adjacent. 
Ill such an expression as 

i . ij~^=jj = - 1 

\ .? 

it might be supposed permissible to write also 


which is not true. 

Fig. 31 




(^) 


since in either ease the correct result is obtained. This arises, 
however, from the fact that both the fractions in the first mem- 
ber of (b) are equal to k, and therefore may be permuted so as 

to read kk — ZL? = — i. The process of (c) is, how- 



GEOMETRIC MULTIPLICATION AND DIVISION. 47 


ever, illegitimate, and the result is correct, not because the 
process is so, but because the factors are in this case commu- 
tative. 


34 . Since the act of tension is independent of that of version, 
and their order is immaterial. 


xi . yj = xy . ij = yx , ij = zk ... (32) , 

where x and y are any two scalars and xy = z. Hence the com- 
mutative principle applies to tensors. If then a, y are in the 
direction of z, j and Ic respectively, and a, 2/, c are their tensors. 


ayS = TaT/3 • ij — ah . Z:, 
ay = TaTy • ik = — ac • etc. , 


or, the product of any two rectangular vectors is the product of 
their tensors and a unit vector at right angles to their plane. 

So also 


a _ Ta « I __ ^ i 

* j 


a 

y 


Ta • i 
Ty . k 




or, the quotient of two rectangular vectors is the quotient of their 
tensors times a unit vector at right angles to their plane. 


35 . If, as above, a = cc?, then 

, aa—Cii»ai^ 

(33). 

Hence, the square of any vector is minus the square of its tensor. 
Since Ta = a is the ratio of the lengths of a and Ua, the square 
of any vector is the square of the corresponding line^ regarded as 
a length or distance only, with its sign changed. 

If ai = a and hi = 

a/? = ahi~ = — ah. 
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36. That the multiplication of rectangular vectors is a di$- 


Fi$ 32 . 



iribiitioe operation may be seen 
directly from Fig. 32 by ob- 
serving that 

^ (./ + "I" t 

i being perpendicular to and in 
front of the plane of the paper. 


37. Exercises in the transformations of i, h : 


1- J{-‘) = ^- 

2. /(-^■) = 

3. Jc{~j) = i. 

II 

T 

i 

1 

G. (-k)i = 

I 

II 

1 

fi. (-;)(- fc) = 

9- (-.?■) (-0 = 

1— » 
O 

T 

T 

11 

11. J- = -k. 

12. 

— i 

i 

II 

'll 

CO 

14. ziz= 

J ^ 

7l' 


16. r=/. 

1 

^Jc 

17. 

18. -= 

i 

a 

'IS= 

II 

1 

20. - = 


V 

II 

•«r 

22. 1 ; -= , 

ji 

i » 

23. 

24. 


X)i ^ j i 


25. Is it con-ect to write, in general, tlie product of any frac- 
tions, as - . in the form — ? 

J J , JJ 

2^. 8tate whether ~ . - = is correct or not, and why. 
k i Id 

27 . = 
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38. Resuming Equation (15), 


5 = ^ = ^(cos^ + esm^); 

the quaternion q -was shown (Art. 25) to he the product of a 
tensor and a versor. It may also he regarded as the sum of two 


parts, the first of which — cos cj> 
|_T/5 ^ 


is a scalar, whose sign is 


that of the cosine of the angle (<^) between the vectors, while the 


second 


'Ta n 

— sin (^ . e is a vector at right angles to their plane, 


whose sign depends upon the direction of rotation of the fraction 

(35), 


This may be expressed symbolically in the notation 
H 


o= - = S--f Y- 


so that we have both 
and 


q = 

q^^q + Yg. 


The second member of this last equation is read “ scalar of q 
plus vector of Sg and Yg being respectively symbols for the 
scalar and vector parts of the quaternion. As already explained 
in the case of the symbol S, Y is a symbol of operation, denoting 
the operation of taking the vector terms of the expression before 
which it is written. 

The quotient of two vectors ts, therefore, the sum of a scalar 
and a vector. 

The scalar of the quotient 
tensors times the cosine of the contained angle. The tensor of 


"* To. ”1 

Sg = — cos 6 is the ratio of the 
. T/3 J 


the vector part 


TYg 


= — sin<^ i 
T|S 


is the ratio of the tensors times 


the sine of the contained angle. The versor of the vector part 
[IJTq = €] is a unit vector perpendicular to their plane^ having a 
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direction such that the direction of rotation of the divisor is posi- 
tive or left-handed. 

Letting a and h Ibe the tensors of a and and collecting the 
preceding expressions for facility of reference, 'vve have 



Vq =cos ^ -f- € sin 0 
cos ^ 

0 

sin cjb • € 
h 

TT?=^ sin ^ 

0 

TrTg=c 
SUg=cos0 
YU(7=sia^ • € 
TTUg=sin<jb 


. (36). 


These expressions require no further explanation than that 
derived from a simple inspection of Equation (15) in connection 
with the meaning already assigned to T, U, S and T as symbols 
of operation. 


39. De Moivre’s Formnla. 

The following considerations will explain why the parenthesis 
(oos< 3 i>+-€sin<^) as a versor turns /3 left-handed through an 
angle They also contain the quaternion interpretation of 
imaginary quantities. 

Let V = sin and z = cos 

Differentiating, 

dv = cos<j} d4>^ dz^-- siui^ 


or 


dv = zdcf>^ 
dz 


(а) 

(б) 
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Multiplying (a) by V—l, and adding the result to (&), 
dz + di) . V^= {-v-^z V^) d<^, 

dz-^dv . V--l = (yV— l-i-2!)V — l 


or 

’\\^hence 


z-\- oy —1 


which may be written 
or 

whence 


(<^) 


z + 0 V— 1= 

cosc^-j-sinc^ . V— 1= (d) 

cos + sin . V 1 — (e) 

But we have from (c?) 

(cos<^ H- sin<^ • Viri)»J = 6-wi'i'v^, (/) 

and therefore, from (e) and (/), 

(cos </> + sin </) • V— l)”^=cosm<^ + sinm<l> • V—l (37)^ 


which is the well-known formula of De Moivre. 

This formula may be made the basis of a S 3 'stem of analytical 
trigonometry. Thus, for example, to deduce the formulae for 
the sine and cosine of the sum of two angles, we have from (cZ) 

cos<^ + sin<^y — 1= 
cos ^ + sin ^ V— 1= 

Multiplying member by member, 

cos<j> cosO + cos<j} siaO . V^ + eos^ sm<#> . \dT— 

sm<^ = iff) 

But from De Moivre’s formula 

cos(<^ + i9) + sia(<^ + ^)V^=e^^+“'^- W 
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Equating ttie first members of (g) and (A), since in any equa- 
tion between real and imaginary quantities these are separately 
equal in the two members, we have 

cos -f- <^») = cos 6 cos — sin 6 sin 
sin (^ + <^) = sin ^ cos -f cos^ sin <^. 


These formulae, while they may be of course demonstrated 
independently of De Moivre*s fomula, are here deduced from 
imaginary expressions. It would therefore appear that these 

expressions admit of a logical interpretation. 

If any positive quantity m be multiplied by (V— 1)- the re- 
sult is — m. That is, in accordance with the geometrical inter- 
pretation of the minus sign, we may regard the above factor 
( V— 1)^ as having turned the hnear repi’esentative of m about 
the origin through an angle of 180? If, instead of multiplying 
m by (V— 1)®, we multiply it by V— 1, we may infer from 
analogy that the line m has been turned through an angle of 90° 

about the origin. If, too, we ob- 
serve that each of the four expres- 
sions 

m, mV— 1, — m, — -m V— 1 

is obtained from the preceding 
multiplying by the factor V— 1 , they 
may be regarded as denoting in 
order a distance m on the co-ordi- 
nate axes OX, OF, OX/ OF' 
(Fig. 33), V— 1 being, as a factor, 
a versor turning a line left-handed through a quadrant. These 
expressions therefore locate a point on the axes, both as to dis- 
tance and direction ftom the origin. 

Since every imaginary" expression can be reduced to the form 
±a±6V^, we may, in accordance with the above interpre- 
tation of V— 1 , regard such an expression as defining the posi- 
tion of a point out of the axes. Thus oa = a (Fig. 34) and 
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AP=: 6^aicl off at a at right angles to oa since h is multiplied 
by V — 1 ; so that in passing over oa and ap in succession we 
reach the point p. It is also e\ident that such an expression 
implicitly fixes the position of p by 
polar co-ordinates, since Va- + = op 

and tanpoA = -. In like manner 
a 

— -f a V — 1 would locate a point pj 
oa' having a length = a, but laid off 
perpendicular to oa, since is a 
factor, and a'p'= — h. As before, 
we have implicitly op' = + and 

tan p'oA = — 

0 

Furthermore, if we operate on the 
first expression, a -f &V— 1, which fixes the point p, with 
V— 1, we obtain the second, or as a 

factor turns op thi'ough 90° so as to make it coincide wfith 
opI As an operator, therefore, we may regard like i, j, 

A:, as a qnadrantal versor, toning a line through a quadi*ant 
in a positive direction. Algebi'aically it denotes an impossible 
operation. (In Algebra quantities are laid off on the same 
line in two opposite directions, + and — . It was because quan- 
tities are so estimated only in Algebra that Sir W. Hamilton 
called it the Science of Pure Time, since time can be estimated 
only into the future or the past.) But it is unreal or imaginary 
only in an algebraic sense. If the restrictions imposed by Al- 
gebra are removed, by enlarging our idea of quantity and at the 
same time modifying the operations to which it is subjected, this 
imaginary character disappears. In applying the old nomen- 
clature to these new modifications, it will be seen that the prin- 
ciple of permanence is observed, the new meaning of terms 
is an extension of the old ; and when the new complex quantities 
reduce to those of Algebra, the new operations become identical 
with the old. 

If now we operate upon 

a-h 6 V— 1, 
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wbicli, if we regard a = OA (Fig. 35) and 6 V — 1= ap as 
vectors, is equivalent to op, with the 
Fig. 35 . expression 



cos -f- sin </> . V — 1 
of De 3Ioivre’s forpaula, we obtain 

a cos< 5 | — 6 sin^ + V — 1 (a sin<^4- 
h coscfi). 

Draw OX^ so that X'OX= ; also 
pa'^ and al perpendicular and as par- 
aUel to OXi Then 

a cos ^ 5 ^> — 5 sin = OL — a'^l = oaJ^ 

a sin -h 5 cos^ = la + sp = a'^p. 


Make oa^= oa/' and lay off a'p^=:a^V perpendicular to OX, 
since it has V — 1 as a factor ; then 


(a cos — 6 siiK^) + V — ■ 1 (a sin <^ + 5 cos = oa'+ a^p'= op,' 


and p'op = <p. 

But the formulae for passing from a set of rectangular axes 
OX, OX, to another rectangular set OX', OY', are 


X 5= £C'C0S ^ + 2^'SUI (jJ), 

y ~ y'ooB — a?'siu </», 


ill which X0X'=<5&, a; = OA, 2^ = ap, a;'= oaJ' 2('=pa," or 


OA= ok + ka, 
AP = NP — a"k, 


a"k being perpendicular and a'^x pamllel to OX. 

Hence the effect of the operator has been to turn op left- 
handed through an angle <f>, which is equivalent to turning the 
axes right-handed through the same angle. 
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+ 1, —1 and V— 1 are particular cases of the general versor 
cos -f sin ^ . V — 1 , 

namely, when <f> is Of 180° and 90° respectively, + 1 preserv- 
ing, — 1 reversing and V— 1 semi-inverting the line operated 
upon. 

TVe may now see the meaning of De Moivre’s formula 

(cos</> -f sin</) . V— 1)” = c‘osm(^ -f- sin . V — 1. 

As operators, the first member turns a line through an angle <j> 
successicehj m times, while the second member turns it through m 
times this angle once^ pioduciug the same result. The expressions 
cos -f- sin ^ . V— 1 and cos ^ -h sin 0 . e ai'e identical, except 
that in the latter the plane of rotation is not indeterminate, 
being perpendicular to e, V— 1 being any unit vector loith in- 
determinate direction in space. 

Equation (37) may be put under the form 


cos m (2 7r7i -b + sin fn(27rn+y>) . V~ 1 = [cos {2Tm + <t>) + 

sin {2‘7rn + <l)) . V— I]'". 

In the second member if <^ = 0 and m = f , we have for all 
integral values of while the first member for % = 0, w = l, 
n = 2 becomes 1, + i — 

roots of unity. 

In the same way for m = 




- 1 , 




the six roots of unity. The real roots lie on the axis, along 
which direction is assumed plus and minus, while the imaginary 
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roots are vectors in a direction not that of the axis, and are the 
sum of two vectors, one of which is in the direction of the axis 
and the other perpendicular to it. 


40 . Let a and /J be unit vectors along oa and ob (Fig. 36) . 

Resolve OA = a into the two vectors 
^'iy; 36. OD, BA. Then 



OA = a = on + BA. 


But 

OD = Cj)S 4> 

DA = €^sin = sin • c/3, 


e being a unit vector perpendicular to 
the plane aob, as in the figure. Hence 


= cos<^ *13 + sin</> . c/3. 


(a) 


Now when a and /3 are unit vectors, we have by definition 
i . jS == (cos 0 + esin = a ; or, comparing with (a) , 

(eos</» -hcsin<^)/3 = cos</> . (3 + sm(f> . ejS* 


The distributive law, therefore, applies to the multiplication 
of a vector by the scalar and vector p^arts of a quaternion; for 
if a and ^ are not unit vectors, the tensors, as merely numerical 
factors, can be introduced without affecting the versor conclu- 
sion- Resolve ^ into the vectoi’s oc, cb, cb being perpendicular 
to OA. Then 

OB = /3 = oc + CB. 


But 

Hence 


oc = cos <f> • a, CB = — ■ c (sin 0 • a) . 
cos ^ . tt — sin ^ , € 0 . = / 3 , 


or, by the distributive principle, 


(cos ^ — Sill(^ . e) tt = /3. 
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TJsing the two members of this equation as multipliers on the 
corresponding members of (a) 

(cos — sin • «) aa = (cos + sin . c/5) , 

or, since = — 1 , 

— cos 0 + €sin (^ = jffa (38) . 

If a and /J are not unit vectors, 

/3a — T/3Ta(— cos<^> + €sin<^) , • . (39). 

Operating with each member of (a) on /3, 

a/3 = (cos </» . + sin </> • €^)/3 

= cos</» . /3^+ sin<^ . 6/3^ 

= — cos</) — €sin</> (40), 


or, if a and /3 are not unit vectors, 

a/3 = TaT^ (— COS(/) — esin^) . . . (41). 

Tlie product of any two vectors is, therefore, a quaternion, 
which, as before, may be regarded either as the sum of a scalar 
and a vector or the product of a tensor and a versor. In gen- 
eral' notation 

a^ = Sa/3+Ta^ = S(?+Tg .... (42), 
a/3 = Tg.Ug (43), 

The scalar of the product [Sa^ = — TaTyS cos </>] is the product 
of Ike t&nsore and the cosine of the supplement of the contained 
angle. 

The vector of the product [Ta/3 = — TaT/3 sin ^ • c] has for its 
tensor [TTa/3= TaT/3 sin the product of the tensors and the 
sine of the contaitied angle, and for a versor [I]Taj8 = — c] a 
unit vector at right angles to their plane such that rotation about 
it as an axis is positive or lefi-handed. 
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Representing the tensors of a and p by a and 6, we have, as 
in Art. 38, from Equation (41), 


Fig 30. 



Tg = ah 

rg = — cos — csini^ 
Sg = — a6coS(^ 

Tg = — ah sin <3^ . € 
TTg = ah sin (3!) 

TJTg = — € 

STJg = — cos 
VUg = _ sin . G 
^TVXJg = sin(3S 
(TT : S)g — — tan<3E> 




' 41 . Resuming the expressions for the products and quotients 
of a and 


we observe 


= T/JXa (— COS + e sin <^) , 

(«) 

=: TaTjS ( — cos <^> — « sin ^) , 


=r (cos d> — csin<i) , 

T<i ' ^ 

(c) 

^loL 

= 7F^(cos<^ + «sin<ji)), 

id) 


1 st. That if a and j8 be intei'changed the sign of the vector 
part is changed. It is equivalent to a reversal of the angle 
and consequently a change in the dmection of rotation. Hence 


UV/?a = c=:-UVa/3'\ 

IJV- =« = -UT^ [ 

/3 a J 

Vector multiplication is not therefore in general commutative » 
2d. If the vectors are unit vectors, 



a 


r ■ * 


. ■ (46) r 
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the product being expressed also by a quotient. This is of 
course always possible, as appears from (tf), (6), (c) and (d), 
and the transformation may be etiected thus : 

i [Eq. (31)] 

a Ta Ta 

— — T/?Ta (cos <t> — € sin <i>) ; 

or 

/5a = T/5Ta ( — COS -f- e sin . 


3d. If (^ = 0, then in either (a) and (6) or (c) and (cl) 
the vector part of q becomes zero, and the quaterniou de- 
grades to a scalar. When = 0 the vectors are parallel, and 

a?=: — TaT/3 = — a5, as in Art. 35; also ^ = ^ = as in 

Art. 8. If at the same time a and B are unit vectors - = - = l 

/5 a 

[or = aa“"^ = — =1] and a/3 = = —1, as in Arts. 33 and 28. 

If then q he any quaternion and Tj = 0, the vectors of lohkk q 
is the quotient or product are paralleL 


4th. If </> = 90° then in either (a) and (h) or (c) and (d) 
the scalar part of q becomes zero, and the quaternion degrades 
to a vector ; and either the product or quotient of two rectangu- 
lar vectors is therefore a vector at right angles to their plane, 


ap reducing to — aSc and ^ ^ as in Art. 34. If at the 

same tijne a and ^ are unit vectors, a/3 = — e and ■?= c, as in 
Art. 27. ^ 

If then q be any quaternion and Sg = 0, the motors of uidch q 
is the quotient or product are perpendicular to each other. 


5th. If an equation involves scalars and vectors, the vector 
terms having been so reduced as to contain no scalar parts ,^tlien 
since the scalar terms are purely numerical and independent of 
the others, the sums of ihe scalars and vectors in each member 
are separately equal. Thus if 


a? -j- <2a + == d Hh 3^ "1“ Hh (6*^ — "I 

then r • (47) , 

s^=:c[+& and aa + dj3=:a'a + (b^-~b")/3j 
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which might also he writtea (Art. 38) 

S {x + aa + 2>j8) =S [f? + ^ + a'a + , 

Y(aj + aa + &/?) =Y[d + y+ a'a + (I '- . 

Gth. ^ being the quotient which operates on a to produce /? 
a 

we have by definition 


7th. TTayJ, or ab sin<^, is the area of a parallelogram whose 
sides are equal in length to a and b and parallel to a and ^8. 
SajS, or — a6cos<^, is numerically the area of a parallelogram 
whose sides are a and b^ and angle ah is the complement of 

8th. Since the scalar symbol S indicates the operation of 
taking the scalar terms, 

Sa=0 (49), 

and, for a similar reason, 

ya=a (50). 

Again, since c? is a scalar, 

T(a")=0 (51). 

S(a^) = -a2 (5*2). 

V {a?) may be written Y • a®, as also S(a^) = S . a^, but these forms- 
must be distinguished from (Ta)^ and (Sa)^, which latter are 
also sometimes written Y^a and S®a. 

9th- Comparing (a) and (5), 

Sa/3 = S/8a (53), 

and 

Jaj3 = -T^<i ( 54 ). 

Adding and subtracting (a) and (5) , we have also 

a^H-^a=2Sa/3 (55), 

a/B ^a=2TaP (56). 
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10th. = (Sa/5 H-YajS) (SajS — Va/8) [Eqs. (53) and (54)] 

= (Sa/?)^- Sa^Ta^ + Sa^Va/? - (Ja^)\ 

Hence 

. /3a = (Saje)2-.(Va^)2 . . . . (57), 

or, from Equation (44), 

a/3 . jSa = (Ta^)^ (58). 

42. Powers of Vectors. 

The symbol m being a positive whole number, has been 
seen (Art. 28) to represent a quadrantal versor used m times 
as an operator ; the exponent denoting the number of times i is 
used as a quadrantal versor. By an extension of this meaning 
of the exponent, would naturally represent a versor which, 

as a factor, produces the ~th pai't of a quadrantal rotation. 

Thus produces a rotation through one-third, and through 
three-fifths of a quadrant, respectively. With the additional 
meaning attached to the negative exponent (Art. 32), as indi- 
cating a reversal in the direction of rotation, we may in general 
define i*, where i is any vector-unit and t any scalar exponent, 
as the representative of a versor loMch would cause any right 
line in a plane perpendicular to i to revolve in that plane through 
an angle t x 90? the direction of rotation depending upon the 
sign of L Hence eveiy such power of a unit vector is a versor, 
and, conversely, every versor may he represented as such a 
power, ^ 

Since the angle {(t>) of the versor is « X we have ^ = — ? 
and any versor 

cos<#>-|-esin<^ 

may be expressed 

cos^ + €sin<^) = (59), 

and ^ 

cos^ — esin<^ = €“"5r .... (60), 

the vector base being the unit vector about which rotation takes 
place, and the exponent the fractional part of a quadrant thix)ugh 
which rotation occurs. 
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The operation of which i- is the agent is one-half that of 
which i is the agent, and therefore two operations with the 
former is equivalent to one with the latter ; or, as in Algebra, 






or, employing the other versor form, if a, /3, y are complanar unit 
vectors so that 

a , . . ^ 

— = cos -h esin< 5 J> = 5 


then since 


we have 


/? __ 
- = cos 6* 4- esin 0 = €^7 


a ^ a 

y~y 


(cos <^ + € sin cji) (cos ^ + csin = cos ^cosO + ^ sin cj>sm 6 + 

e(sin <t>cosd + cos <f> sin &) 

= cos 4* 0 )+ esin (<^ 4- 0) . 

a 

The second member is the U— , its angle being and 

may l>e therefore expressed as the power of a unit vector, and 

written ; this exponent is the sum of the exponents of 

the factors, or 

^ ^ m+s) 

m C77 = e 


This is evidently an abridged form of notation to which the 
algebraic law of indices is a]yplicable> 

Since — 1 and therefore €^=1; if €^=—1, t must be an 
odd multiple of 2, and if €*=4-1, ? must be an even multiple 
of 2. 

In either case the coefficient of in 6 = ^77 is a whole num- 

2 

ber, and cos <l>±e sin(f> degrades, as above, to the scalar ±1, 
since sin witt := 0 when m is an integer. 

If €*=±€, t must be an odd number; in which case also 
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fi 2 ? cosm7r = 0 and the versor degrades to the 
yector ±e. 

If the vector is not a unit vector^ as xi = p, to interpret the 
exponent, say p^, so as to satisfy the formula 

p^p^=p (03), 

which is analogous to Equation (61), we must combine with the 
conception of rotation through half a quadrant an act of teiivsion 
represented by the square root of the tensor of p. Thus, if 
a; = 16, and we write 

p’ = ( 160 ^= 16 SS 

then 

pV = (16^2-)(16^-^) = 16i = p, 

or, if a? = Vs, 

p^ = -V8 . 1^ = V2 • 

pW = ( V2 • z ^) ( V2 . 1 ^) ( V2 . i ^) = Vs • ? = p. 

And, in general, 

p* — (xiy=:Qi^.i^ (64)^ 

or the tensor of the power is the power of the tensor, and the 
versor of the power is the power of the versor. Symbolically 


T.p' = (Tp)^ (6o). 

V.p^=^{Vpy ( 66 ). 


Any such power (p *) , as the representative of the agent of 
both an act of tension and version, is therefore a quaternion, 
whose tensor and versor can be assigned by the above rules, and, 
conversel}’, every quaternion can he expressed as the power of a 
vector^ which quaternion naay degrade to either a scalar or a 
vector as seen in the preceding versor conclusions. Hence it 
follows that the index-law of Algebra is applicable to the powers 
of a quaternion. 
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43. Relation between the Vector and Cartesian deter- 
minatidn of a point. 

If are thi’ee unit vectors perpendicular to each other at 
a common point, then the vector from this point to any point p 
may be written 

p-^i + yj+zk (67), 

in which ic, y, « are the Cartesian co-ordinates of p. If the vec- 
tors are not mutually perpendicular and arc represented by a, 
y, then 

p = -f (^^)> 

in which a;, y, z are the Cailiesian co-ordinates of p referred to 
the oblique axes. So long as the vectors tx, y are not corn- 
planar, p refers to any point in space. 

Since any quaternion q may be expressed as the sum of a sca- 
lai* and a vector, if v) be any scalar, then 

j = ?(; + fl?a-|-y/3-h2fy . .... (69). 

As composed of four terms, we obseiwe an additional reason 
for calling this complex expression a quaternion. 

Any vector equation 

p = cr = aa + + Cy, 

involves three numerical equations, as 

£D=a 5 y=5, « = c, 

unless the vectors are complanar ; in which case we ma}' write 
y =; wa + 

and 

p = (a; -f- za) a + (y + 
cr= (a -f- cn) a + [h’\- cm) yj, 

which, for p = o-, involves but two equations 


i)o + zn=za + cn^ y+ zm = b + cm. 
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Resuming the quadrinomial form of g, when the component 
vectors are at right angles, we have 


q = io + xi^yj+zh' 
Sg ^10 

'\q=^xi + yj+zk 


(70). 


Since (TTg)^ = - (yqf = + yS + jj^ve 


TVq = + 

TTY/y_ _ xi-^W+zk [. . 

TT? V^ + 2/2 + g2 

Also, since (Art. 41, 10th.) 

(T?)^ = (Sg)“ - (V5)“ = + + + 


Tq= yio^ + 

TT/-, = -^ _ w + xi + yj+ zk 
^ Tq 

T? V^?+?T?T? 

TTUff = 


(71). 


(72). 


44 . The plane of a quaternion has been already defined as the 
plane of the vectors or a plane parallel to them. The axis of 
a quaternion is the^ vector perpendicular to its plane, and its 
angle is that included between two co-initial vectors parallel to 
those of the quaternion. If this angle is 90° the quaternion is 
called a Right Quaternion, Any two quaternions having a 
common plane, or parallel planes, are said to be Complanar, 
If their planes intersect, they are Diplanar. If the planes of 
several quaternions intersect in, or are parallel to, a common 
line, the}' are said to be Ctollinear, It follows that the axes of 
collinear quaternions are complanar, being pex'pendicular to the 
common line. Complanar quaternions are always collinear, and 
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complauar axes correspond to colliiiear quaternions, tmt the lat- 
ter may of course be diplanar. 

Let — and — be any two quaternions. If coinplanar, they 

o^B . -r. 1 ■ 

may be made to have a common plane ; and, if diplanar, their 
planes will intersect. In the former case let oe be any line of 
their common plane, or, in the latter, the line of intersection 
of their planes. Now, without changing the ratios of their vec- 
tor lengths, the planes, or the angles of the given quaternions, 
two lines, of and og-, may alwaj’s be found, one in each plane, 
or in their common plane, such that with oe we shall have 


= and 

O^B OE 


o”c 

O^ 


OG . 
OB * 


and, therefore, any two quaternions, considered as geometric 
fi^actions, can be reduced to a common denominator ; or, in the 
above case 

O'a OF OG OF + OG 

0'b"^o"d~OE oe ”” OE 


Moreover, a line oh, in the plane may always be found 
such that 

o'a _ OE 
q'b "”oa’ 

and therefore 

o"c o'a__og oe_og 

^ OE * OH oh’’ 

and 

o'a ^ o"C OF^OG^OF OE_OP 
O'b ’ 0"d oe * oe oe OG ” OG 


45. Reciprocal of a Quaternion. 

The reciprocal of a scalar is another scalar with the same 
sign, so that, as in Algebra, if a? be any scalar, its reciprocal is 
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The reciprocal of a vector has been defined (Art. -30). so that, 
if a be an}’ vector, - = a"^ = — ~XJa. 

The reciprocal of a qiiateniion has also been defined (Art. 
20) ; thus 


being any quaternion, 


^=1 

a q 




is its reciprocal. The only difference between the quotients 


- and - (Fig. 37) is that, as opera- 
/3 a 

tors, one causes to coincide with a, 
while the other causes a to coincide 
with p, A quaternion and its recipro- 
cal have, therefore, a common plane 
and equal angles as to magnitude, 
but opposite in direction; that is, 
their axes are opposite. Or 


Fig 37 



Zi = Zry 
9. 


and 


axis - = — axis q. 
^1 


Since 


1 


•;Ci-/3'y3-/3*a- ’ 


a 


the product of two reciprocal quaternions is equal to positive 
unity ^ and each is equal to the quotient of unity hy the other; 

we have, therefore, as in Algebra, ^q=l and q^\^ and no 

new symbol is necessary for the reciprocal. - is, however, 

sometimes written Eg, E being a general symbol of operation, 
namely, that of taking the reciprocal. It follows from the above 
that 



Tg 


( 73 ), 
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or, the tensors of reciprocal quaternions are reciprocals of each 
other ; while the versors differ only in the reversal of the angle. 
If then 


-=:?^(cos<i + € sin<#>) 

^ y? Ty5 ^ ^ ^ 

we shall have 

Ror — 1 ™ ^-1 _ ^ (cos — e sin (^) 
^ q ^ a Ta 


(74). 


Fig 37 


46. Conjugate of a Quaternion. 

If 13' (Fig. 37) be taken complanar with /3 and a, and making 
with a the same angle that /? does, 
T/3' being also equal to T/'?, then, if 

~ = g, ~ is called the conjugate of 

g, and is written Kg. The sjmbol K 
indicates the operation of taking the 
conjugate. A quaternion and its con- 
jugate have, therefore, a common 
plane and tensor, as also, in the ordi- 
nal;}" sense, equal angles ; but their axes are opposite ; or 



and 
If then 

we shall have 


ZKs = Zg = zl 
<l 

TKg = Tg = ^ 


axis Kg = — axis g = axis 


. 1 


gj 


T^9 = '^(^os4>-€smtj>) 


(75). 


• (76), 


or, the tensors of conjugate quaternions are equals and the versors 
differ only in the reversal of the angle. 

Regarding a scalar and a vector as the limits of a quaternion 
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(Art. 41, 3cl and 4th), we see from Equation (76) that the con- 
jugate of a scalar is the scalar itself and that 

Ka = — a = — TaUa (7^)} 

or, the coyijugate of a vector is the vector reversed. In general 
notation we may write 

q = 8q + Tq, 

whence it follows from the above that 

Kq = Sfji-\q ) 

or (Art. 43) (- . . . . (7M), 

Kg = to — xi — yj-- zk ) 


that is, the scalar of the conjugate of a quaternion is the scalar 
of the quaternion^ and the vector of the conjugate of a quaternion 
is the vector of the quaternion reversed ; a result which may be 
expressed sjmbolically 

SKg = Sg I 

VKg = ~Tgj ^ 

These are Equations (53) and (54). 

If we add and subtract the two conjugate quaternions 

g=:Sg+yg, Kg=:Sg-Vg, 

we have 

g + Kg = 2Sg| , 3 ^^^ 

g-Kg = 2Tgf ^ ^ 

The sum of two conjugate quaternions therefore, always a 
scalar y positive or negative as the g is acute or obtuse. If 

Z g = -, this sum is evidently zero. 

2 

Since, if g is a scalar, Kg = g, then, conversely, t7Kg = g, g 
is a scalar. 
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47. Opposite Quaternions. 

If, for -) we write (Fig< 87) , the latter is caUed the 
Opposite of q, and is evidentlj’ — q, for 


— * a 

T 


O-a 


o_^ = o-e=-g. 

p p 


As appears from the figure, opposite quaternions have a com- 
mon plane and tensor, supplementaiy angles and opposite axes ; 
or 

. T (— q) =Tq, A— q = :r— Zq and axis (—q) = — axis g. 

Since — “ i _ 0 _ n 

T^r~F~r ' 


the sum of iioo oj7j3os^^e quaternions is zero^ or 

Fig 37. = 



or, tlieir quotient Is negative unity. 


If then 


we shall have 


IfZg = |, 
vector- 


?=^ = ^(cos<^-|-esin 


. . (81). 


K^ = — cy; and, conversely, if — g, g is a 
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48 . Since U(/ is independent of tlie vector hnrjths, and onl}’ 
dependent upon relative direction^ versors ai^e equal whose axes 
and angles are the same. Hence 


But (Art. 24) 


UKry = Ui. 
<1 


v(l : ^ = vi = ^ = li~ 

\ a Ua U/3 


and, Equation (82) , 


ri=-i 

q Vq 


UKr/ = ^. 
Vq 


(82). 


(83), 


Again, since the conjugate of a versor is the same as the re- 
ciprocal of that versor, Tve have, from Equations (82) and (83), 


UK^ = KJjq 


(84). 


49 . Representation of Versors ly spherical arcs. 

If a, /?, y, are co-initial unit vectors, their extremities will 

all lie on the surface of a unit sphere (Fig. 38) . ^ being any 

a 

quaternion, turns /5 from the position 

OB to OA, and this versor may be repre- 
sented by the arc ba joining the vector 
extremities ; for this arc determines the 
plane of the versor as also the magnitude 
and direction of its angle, the direction 
of rotation being indicated by the order 
of the letters as in the case of vectoi'S. 

This representation of versors by vector 
arcs is of importance in the theorems re- 
lating to the multiplication and division of quaternions, and 
may be made upon a tmit sphere ; for, if a, /?, y, ai*e not unit 
vectors, the quaternions will differ from the versors by a nu- 
merical factor only, the introduction of which cannot affect tlie 


Fig. 38. 
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Pii; 3tS 



versor conclusions. DisregarcTiiigi tlien, the leiisors, since ver- 
sors are equal 'whose planes are parallel and angles equal (in- 
cluding direction) , equal arcs on the 
same gi‘eat circle and estimated in the 
same direction represent equal versors, 
for ail}" aa’C may be slid over the gi'oat 
circle on which it lies without change of 
length or reversal of direction. On this 
plan r'a = AB will represent the recipro- 
cal or conjugate of ba, and a quadrautal 
versor would have for its representative 
BG, an arc of 90? Also, the versors of 
all eomplanar quaternions will be repre» 
seated by arcs of the same great circle, while arcs of different 
great chcles will represent the vei*sors of diplanar quaternions, 
w'hich are always unequal. 

If M, N and p are the vertices of a spherical triangle, the vector 
ares mn, np and pm will represent versors, and it will l)e seen 
that by taking the geometric sum of tw'o of these arcs in a cer- 
tain order, the remaining arc will represent the versor of their 
product ,* so that if if be represented by pm and g by np, g'g may 
be constructed by a process of spherical addition represented by 
PM + NP = NM. NM representing the versor g^g ; but that because 
g'g and gg' are not generally equal, this process of spherical ad- 
dition, as representing versor multiplication, is not commutative 
as was that of vector addition, pm + np and np + pm representing 
diplanar versors. 


50. Addition and Subtraction of Quaternions. 

Since a quaternion is the sum of a scalar and a vector, in 
finding the sum or difference of several quaternions the sum or 
difference of their scalar and vector parts may be taken sepa- 
rately. The former will he a scalar and the latter a vector ; 
consequentlj', the szm or differezice of several quaternions is a 
quaternion . 
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1. Both the associative and commutative principles l^eing 
applicable to the summation of scalars, as also to that of vectors 
(Arts. 4, 5), they also hold good for the addition and subtrac- 
tion of quaternions ; or 

(j + o^ = T + q ) 

and J- . . . . (85). 

^y + ('>-H-s) = (fy4-r)-i-sJ 

If then 

i2 = -f-Try 
r = Hr +Tr 


in ■svhich 


5 = C2+ r -b • •• • = Ss -f Vs ; 


Ss = S (7 -h ?■ + ) = Sy -b Sr + , 

Ys = y((2^ + r -b ) = V(/ + Vr + , 


and, in general, 


S2(7 = 2Sry I 

T5g = STgl 


( 86 ), 


or, in quaternion addition and subtraction^ S rmd T are distrihu- 
tive symbols, 

'2. If g + r -b = then, Equation (78) , 

Kg-bKr-bKp-b == Sg-b Sr + >Sy) -b ■■■• — Vg—Tr— V ^j — 

= Ss —Ys = Ks. 

SKg = KSg (87), 

K, like S and V, being a distributive sjmboL 
6. Again, since the conjugate of a scalar is the scalar itself, 
KSg = Sg. 

But Sg = SKg. Hence 

KSg = Sg = 8Kg (88). 

Also, since the conjugate of a vector is the vector reversed, 
KVg=— Vg. 
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But — = YKq. Hence 

KV$ = -Try=VKg (89); 

hence K is commutatim with S and V. 



4. Since any two quaternions may be 
reduced to a common denominator (Art. 
44), so that 

a y _ a'+ 

S' ’ 

and since 

T^'4-Ty'>T(a'+y) 

unless a' = a;y' and a;>0, it follows that 
Tq > T{q r/) 


unless g = and cc >0. Hence, in general, TSg' is not equal 
to STq'. Moreover, since USg is a function of the tensors under 
the S sign, while 'SUq is independent of the tensors, U2g is not 
equal to %X]q, This also appears from the representation of ver- 
sors by spherical arcs (Fig. 38). Hence, in the addition and 
subtraction of quaternions^ T and U are not^ m general^ c?/a- 
trihutive synihols- 


51. MuLltiplication of Quaternions* 

1. Let 

^ = Sg + Yg, T s= Sr + Yr 

be any two quaternions. Then 

j9 = qr = S^Sr -f- SgYr + SrYg + YgY?’, 

The last member, being the sum of a scalar and a vector, is a 
quaternion. Hence, the product of two quaternions is a quater- 
nion^ and 

p = Sp +yp = Sqr +Vgr, 

in which 

S^r^S^Sr + S.Yc/Yr .... (90), 
and 

Yffr==Sf/Vr + SrY(/-|-Y.Y^Yr . , . (91)* 
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If we multiply q by r, we obtain 

Srg=SrSg + S.TrTg, 

Trg = SrVg -h 4-y . TrTg. 

But, Equation (53), 

S . V?Tq = S . V^Tr. 

S/*^ = S5>* (92). 

But, Equation (54), 

V.yfiYr = -y .YrYg, 


and therefore the products qr and rq ai’e not equal. Hence, 
quaternion multiplication is not in cfeneral commutative. If, 
however, q and r are eomplanar, Y^ and Yr are parallel, and 
Y . Y^Yr = 0 ; in which case qr = rq. Conversely, if qr = rq., q 
and r are eomplanar. 

Since Reciprocal, Conjugate and Opposite quaternions are 
eomplanar, they are commutative, or 


q'Kq = 'Kq . q 

u-=-q=<i<r^ = r\ 
q{-Q) = -qq 


(93). 


2. It has been shown (Art. 44) that any two quaternions 

q' can be reduced to the forms ^ and I having a common 

a a 

denominator, or to the forms ^ and I. Hence 

o a 


We have then 


g' : q 


1 • ^ = Z 

a* a a j3 jS 


q~^fi~Tl3~Ta Tj3~Ta* Ta“ ^ “ 

ri =TJI= 5i=Ey . , m=vq< : ug 

q P Vp Ua Vp Ua Ua 


( 94 ). 
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In a similar manner 


T(c/q) = T 



Ty Ty Ta 

f8“Ta ' TB 


= 


n(rA^) = u|=WU'? 


(95). 


Hence ihe tensor of the product (or quotient) of any two qua- 
ternions is the product (or quotient) of their teiisors^ and the ver- 
sor of the product (or quotient) is the product (or quotient) of 
their versors. 

In fact, tensors Ijeing commutative, we have, in general, 


TUq^mHq (96), 

ILq == TILq . JJILq = HT^ . ILUq, 

ung = nu^ <97). 


3. The multiplication and division of tensoi's being purely 
arithmetical operations, we proceed to the corresponding opera- 
tions on the versors. It has been shown (Art. 44) that any 
two versors t/, ql may bo reduced to the forms 




f y 


(Fig. 89), 


A, B, c; 

sphere. 


being the vertices of a spherical triangle on a nnit 
Then , „ , 

j8 a a OA 


If we represent the versors q' aiul q by the vector arcs no' 
and AB, tlieii the versor 1, the product of q'q, will he repre- 

a yl 

sented by the arc ac' ; moreover if q" — - repi-esent any divi- 
3 . “ 

dend and (l=- divisor, then 

A_y g .y'_o^'. 

Y~ "■ ' ob’ 


the versor of the product q'q being 

BC' + AB = AC', 
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and the versor of the quotient 


<1 


kd— AB = BG^• 


Fig. 39. 


and, as in the addition and subtraction of quaternions, the pro- 
cess consisted in an algebraic addition and subtoction of scalars 
but a geometric addition and subtrac- 
tion of vectors, so the multiplication 
and division of quaternions is reduced 
to the corresponding arithmetical ope- 
rations on the tensors and the geome- 
trical multiplication and division of*" 
the versors, the latter being con- 
structed by means of representative 
arcs and the rules of spherical addition and subtraction. 



4. The representation of a versor by the arc of a great circle 
on a unit sphere illustrates the non-commutative character of 
quaternion multiplication. For, ab and ba' (Fig. 39) being equal 
arcs on the same great cmcle, as versors 


and similarly 
Now if 

then 


ab = BA , 
CB = BC^ 


/5 a'. /3 y 

q = -=-7j and r = ^ = 

« P TP 

«' 1 //8 y 

qr^-a~=- and rqs=^!-=-^, 

^ fiy 7 ^ pa. a 


the vereors qr and rq being represented by the arcs ca' and ac' 
respectively. These arcs, though equal in length, are not in the 
same plane, and therefore the versors rq and qr are not equal. 
Constructing these versors, by spherical addition we should have 


BC' + AB = AC', 


AB +BC' = ba' + CB = ca’, 

a change in the order giving unequal results. 
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Hence, unless ac’ and ca* lie on tlie same great circle, in 
wliicli case q and r are complanar, quaternion multiplication is 
not commutative. 

5. Other results, hereafter to be obtaiiiecl symbolieall}^ may 
be readily x^rovecl b}' means of sj)herical arcs, as follows : 

If AB (Fig. 39) represents the versor of ^ = ba repre- 

sents the versor of or 1. The spherical sum of ab 4* ba 

q 1 

being zero, the effect of the versors in the products q'Kq and q~ 

is to annul each other. Hence, if the vectors are not unit 


vectors, 

Again, from 
we have 


q^q = Ery . = (Tg)^ . 



AB + BC' = Ca', 



* (08), 


and the versor of K (g?*) will therefore be represented by a'c. 
But 

a'c = bc + a'b, 

w'hence 

E(gr) = K9Eg (09), 


or, the cojijugate of tlie*prod%ict of two quaternions is the product 
of their eonjurjates in imeited order. 


6. The product or quotient of complanar quaternions is readily 
derived from the foregoing explanation of versor products and 
quotients as dependent upon a geometric composition of rota- 
tions. For, disregarding the tensors, the vector ares which 
represent the versors, since the latter are complanar, will lie on 
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and. Pig. 39, 

BA.' + AB = AB + BA' = AA' ; 

also for g''= - and q'= 

a a 

^ — - . £ — ^ 

q' a * a a /? j8^ 

und 

BA + AA' = BA\ 


The product or quotient of any t^vo complanar quaternions is 
therefore obtained hy multi'plymj or 
dwiclmg their tensors and adding or sd 

subtracting their angles. Thus 

pq := Tp . [cos (<^ + 6) 4- 
csiii (<#> +^)]- 

q- = (T^)® (cos 2 H- € sin 2 , 

or, generally, 

g»^ = (Tg)”(cosH<^4-€Sin?i^) » • • (100), 

TYlience result the following general formulae, 



U(r/) = (IT^)« 
SU((jf") = cos?iZ9 
TTU (g") = sill n Z g . 


^ ( 101 ), 


which are all involved in Art. 42. 


52. 1. Distributive and Associative Laws in Vector 
and Quaternion MultijoliccUion. 

Hanng assumed (Art. 24) 

7 i3 + y 

a a a 
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Tvhence 

/3a"^ + yar^ = (/3 + y ) a'"^ 

since a is any vector, we have 

^a-|-ya = (j0+y)ct. {a) 

Taking the conjugate of (/5 + 7 ) a, 

KC(/3 + y)a] = KaK(/3 + y) [Eq. 99] 

= Ka(K/? + Ky). [Eq. 87] 

Taking the conjugate of (^a -f- ya) , 

-j- ya) = Ky3a + Kya = EaK^ + KaKy. 

E[6nce 

Ka (K/3 -h Ky) = KaKyS + KoKy, 
or 

a'(^'+y') = a'^'+aV. (6) 

Hence, from (a) and (&) , the multiplication of vectors is a 
doubly distributive operation^ and 

(j8+y)(a + S) = ^a4-ya + /88+7'S • • (102). 

2. Let 3 any quaternion and a any vector ; also /3 a 

vector along the line of intersection of a i^lane perpendicular to 

a Tvith the plane of q. Then anotlier vector, S, may he found in 

a Q 

the latter plane, such that q=-^, ^ ha\'ingthe same angle, plane 
and axis as Also let y be a vector in the intersecting plane, 
such that 2 = a. If now a he any scalar, 

(a + a)g = (“ +|)| = (j +|)y 

«/8 + y /S a& + y 

~ /3 ' S~ S 
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Taking the conjugates as above, 

q\a^+a')=^cikC+q^aK 

Hence, in general, 

(ft -j- a) ftct*"!" (i^OL -}- doJ (c) 

or regarding a, ft' and a, a' each as the sum of two scalars and 
two vectors respectively", 

(ftl-f- ftg "f" % ”f“ 0 ^ 2 } “1“ ^^2 ”f“ -f- a^o) — 

(fti 4" cu) (a\ -f- ft' 2 ) + (fti + ft.) {a\ + a' 2 ) -h (ft'i + ft'.) 
(ai+ Og) + (tti 4- ag) (a'l + a o) = 

(ftl 4 - ai) (ft'i 4“ a^) 4" ((^^1 4 - ai) 4^ a'o) 4" («2 4" “ 2 ) 
(ft l4*ai) 4” (fl24-“2) 

since, from (c), the factors in the expression preceding the last 

are distributive. Putting for the parentheses, which are sums 

of a scalar and a vector, the quaternion spnbols p, r and s, 

"we have / v. v . . 

(p4-g)(J-4-5)=i?r4-jjg + gr4-gs ■ • (103), 

or, the multiplication of quateimiona is a doubly dist7^ibiitive 
opei'ation. 

3. Assuming any three quaternions under the quadrinomial 
forna. Article 43, f, j being unit vectors along three mutually 
rectangular axes, we have 


q=iv -\-xi 4 -yJ -hzk, 

(«) 

r = iv^ 4 - xH 4 - fj 4 - 

(b) 

s =5= ta" 4 - y'!; 4 - 

(c) 


Multiplying frst (c) by (&) and the result by (a), and then 
(&) by (ft) and (c) by this result, observing the order of the fac- 
tors, it will be found that the scalar and vector parts of these 
two products are respectively equal, and therefore 

q{rs)^{qr)s (104), 

or, the associative law is true in the multiplication of quaternions. 



82 


QUATEIIXIOXS. 


53 . 1 . If a and j3 be any two vectors, then 

(a + /3) (a + /3) = (a+^)= = a=+(aJS+J8a)^-i3^ 

wlience, Equation (55), or, comparing Equations (39), (41) 
and (80), (a + /3)= = w + 2 Sa^S + . . . (105). 

2. Similarlr 

(a-/3) (a-/3) = (a-;3)= = a^-(ay8+/3a)+/3', 

(o.-^y=<r-2Saj3 + fi^ . . . (106). 


or 


3. From Equation (57), or by multiplying g = Sg + Vg into 

hence, from Equation (98) , the equalities 

a^.^a:=gK5==:(Sa/?)^-(Taj8)2=.(Tg)^ . (107), 

S4. Applications. 

1 . In any rigliUangUd triangle^ the square on the hypothenuse 
IS equal to the sum of the sqiutres on the sides* 

Let the sides, as vectors, he repre- 
sented by a and fS (Fig. 40) , and the 
hypothenuse bj y. Then 


rig 40. 



or, Art, 41, 4, 


y = a-h/?. 

Squaring, Equation (lOo), 

or, as lengths simply, changing signs [Equation (33)], 

BA^ = BC^ + CA^ 

2. In any right-angled triangle^ the medial to the hypothenuse 
is one-half the liypiotlienuse* 



geo:meteio jiultiplicatiox axd division. 8 S 


In Fig. 40, for the medial vector cd = S, we have (Ait. 1.j) 
or 

Squaring, and since S^a = 0. 

= + 
or 

CD- = . 

4 4 ' 



3 . I/' the diagonals of a jKiralleloffratn <ire at fight angles to 
each othevy it is a rhombus. 

Let the vector sides be represented l>y a and /3. Then a 4- /S 
and a — ^ are the vector diagonals. 

By condition - , 

S(a + ;8)(a-jS)==:0. I'-Y ^ 

But, Equation (53), 

5 

8(a + /3)(a-j8)=^a^-j85=0, 

which is true only when Ta = Tpy that is when the skies are 
equal- 

4. The figure formed by joining the middle points of the sides 
of a square is itself a square. 

Let BC and ca (Fig. 40) be the sides of a square, p and q 
their middle points, and o the middle point of the side opposite 
BC, Then, with the same notation, 

pq = i(cL + /?) , qo = a) ; 

S(PQ . QO) = 0, 

or pq and qo ai'e at right angles. 

5. In any irianghy the square of a side opposite an acute 
angle is eqv/il to the sum of the sqmres of the other sidesy less 
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iloice the product of the hctse cincl the lute beticeen the acute angle 
and the foot of a perpendicular pom the angle oppoeite the base* 





Let cx = /?, CB = a, BA = y (Fig. 41). 
Then 

y3 = a + y. 

= or -{-2 Say + ■/. 

Now 

2 Say = 2 TaTy COS (180®-- b) = 

2flCCOSB. 

Hence 


— =— (i^ cr + 20CCOSB =; — fl® — (f + 

or 

tP=^a‘ + (r-2ad, 


If B is a right angle, Say=:0, and, as in Example 1, 

TThat does this theorem become for a side opposite an obtuse 
angle ? 

(j. In any plane triangle, to find a side in terms of the other 
tiro sides and their o^yposite angles. 

In Fig. 41, 

^==a + y- 

Multiplying into a 

jSa = 4* ya- 

Taking the scalars (Art. 41, 5), 

S,8a==-a2 + Sya, 
or 

— ha cosc = — a’ — ca cos (I80 “— b) ; 
a = h cosc + c cosB. 

The above operation with a is indicated by saying simpl3% 
operating with x S • a/’ meaning tliat a is first introduced and 
then the scalars taken. The position of the sign X will indicate 
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holo a is used. If used as a multiplier, we should write, oi)or- 
ating with 8 • a x 


7. The mnes of the anglea^ in any plane triangle^ are propor- 
tional to the opposite sides. 

In Fig, 41 

^ i3 = a + y. 

Operating with x V . a, that is, as explained in the preceding 
example, multiplying into a and taking the vectors (Art. 41. 5), 


y/5a = y(a + y) a ==V . a® +Vya, 


But y . = 0 ; 

or 


hence “ 

y/?a=yya, 
ha sinc = ca sins, 

sine: smB;;c;&. 





Notice that Y(3a and yya involve a unit vector at right angles 
to their plane, and that, owing to the order of the vector factors, 
€ has the same sign in both members of the equality, and may 
therefore Ido cancelled. The period in y . may evidently be 
omitted, as in T^a ; it will be used hereafter only to avoid am- 
biguity. Thus Kqr means the conjugate of qr ; but ILq . ?* is r 
multiplied by the conjugate of q. 


8. In a right-angled triangle,, to find the sine and cosine of the 
ncide angles. 


Let AB = y, AC BC = a (Fig. 42) . 
Then 

/3 = y + a, 

whence 



Taking the scalars, since S^ = 0, 


Fi^. 42. 



c b 

1=-C08A, or COSA= — 
0 c 
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Fig. 42 


Takino the vectors 



- sin A — - sin c = 0 ; 
b h 


SIDA— -• 
C 


111 this example 

9. To find the sine and cosine of the sum of tico angles. 

Let a, p, y be complaiuir unit vectors (Fig. 43), and £ a unit 
vector perpendicular to their plane. We have 

y ^ 


Fiff 43 


a /i a 
in which 



Hence 


^ = cos (<^ + 6^) + « sin (<^ + $) 
^ = cos + e sin 1 ^, 

S 

~ = cos^ + €sin0. 

a 


COS (<^ + ^) + e sin + ^) = (cos (^ + e sin <j!>) (cos (9 + c sin^) 

= cos<#) cos^4-€(sin«^ cos0-{-cos<^ sin^) + €2sin^ sin<^. 

Equating the scalar and vector parts in succession, there re* 
suits, since £- = —1, 

cos{<fy + ^) = cos cos 0 — siu cf> siu^, 
sin ((^ + ^) = sin ^ cos 0 + cos 0 sin^. 

10. To find the sine and cosine of the difference of two angles. 
Let the angle between y and a (Fig. 43) be ij/. Then 

y a y 
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^ = COS(j/r — 0)— 6Sin(l/r — 0) , 

B 

“= cos^H-esin^, 

2 = cosi/^ “ csint/^, 

y 

and, as in the preceding example, 

eos{i/r — ^) = cos^ cosi/^-fsin^ sin 
sin (i/r — ^) = cos^ sin — sin^ cos \p. 

11. 7/* a straight line intersect txco other straight lines so as to 
TTUike the alternate angles equals the tico lines are iKiralleL 

Let a and y (Fig. 44) be unit vectors along ab and cn, and 
^ a unit vector along ac. Then 

a^=— COS^ + eSin^, 
jSy = — cos^ — €sin(9 ; 

whence 

a/S — jSy— 2 Va^, 

and therefore, Equation (56), y = a. 

If a = abJ then 

ay5 = cos^ — €sin^, 

— cos(? — esin^, 
a/3 — )ffy = 2 Sa^ ; 

y = -o. [Eq. (55)] 

12. If a parallelogram he described on the diagonals of any 
parallelogram^ the area of the former is twice that of the 
latter. 

Let a and ^ represent the sides as vectors ; then the diagonals 
are a + /3 and a — and 

T(a + (a - =T(/3a - a/?) = 2T/3a, 


FJg. 44. 



since Va® =Vj8® 0 and — Va^ = T/3a. 
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But, from the oixler of the factors, 

irV(aH-^) ia-jB)=VY^a, 

Vipnpp 

TV(a + ^) (a-;8) = 2TV;3a, 

■which is the proposition (Art. 41, 7). 

13. Pamllelorjnms on the same base and between the same 
•parallels are equal. 

Ve have (Fig. 45) 


Fisf 45 



Hence 


BE = BA + AE 
= BA -f- X BC. 

Operating witli T . bc x 

V(bc . be)=Y(bo • ba), 
since Vitbc^ = 0. 


BC . BESmEBC = BC • BA sIh ABC, 

which is also true when the bases are equal, biit not co-incident. 




/14. If, from any point in the plane of a pamllelogram, per- 
pendiculars are let fall on the diag- 
onal and the two sides that contain 
it, the j^yoduct of the diagonal and 
its x^^P^y^dicular is equal to the 
sim^ or difference, of the 2 ^roducts 
of the sides and their respective per- 
piendiculars, as the j>oi7it lies ivith^ 
out or %vithin the parallelogram. 



Let OA == a, OB 5= OP ™ p (Fig. 46) . 

Then 

Vap-f-V/3p=T(a + i8)p. 

But . 

UTap = TTTy3p=m> + /3)p, v/ 

TVap + TV/3p = TT(a + /3)p. " 


Hence 
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For p' = op', we have 

i 

uyap'= - ±IJT(cc +/?)p^• 

T>v-Ty/3p'= Ty(a +/3)p: 

15. on any tivo sides of a triangle^ as ac, ak (Fig. 47), 

any two exterior ixirallelograms^ as acfg, abde, he constructed^ 

and the sides ed, gf, produced to meet in h, then Kill the sum of 

the areas of the ixirallelograms he equal to that tchose sides are 

equal and parallel to cb and ah. 

Let AE=:a, AB = iS, AC=:y 

’ ^ Fig 4i 

and AG = S. Then 



We have also 

AH = AG + GH 
= 8 — ^7. 

operating with X V . y 

T(AH.y)=YSy. (6) 

Hence, from (a) and (6), 

Vah{;8 - 7) =Ta;8 -Y8y, Y " ' ^ ' 

Y(ah . cb) =Yaj8-Y8y=Ya;8+YyS. 

f i I 

These vectors have d common v^sor ; wheace the proposition. 
If one of the parallelograms, as ad', be interior, then ae'= — a 
and ah' = — a — aj'/S = S + y'y, and 

Y(ah'. / 3 ) = - Tafi , 

V(ah'. y)=YSy; 

Yah'(^ — y) = — Ya|8 — T8y =Y) 0 o — Y8y. 
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But in this case 

UY ( ah' . CB) = - VY/Sa = - TYSy, 

and the area of the parallelogram on ah', cb, is the area of af 
minus the area of ad^ 

16, To find the angle between the diagonals of a ixirallelogram. 

Let AD = BC = a (Fig. 48) , 

and BA = CD = d and d' being 
the tensors of the diagonals. 
Then 

AC . DB = — (a — /3) (a + 

^^o?^2Yal3 + l3K 

COS DOC . cZd'= 0? — y*. 

Taking the vectors 

sin DOC • dd^= 2a&sia0, 
since UY ( ac . db) = — UVa/J. 

tan doc = — tan ^ ^ 

17. The sum of the squares on the diagonals of a parallelo- 
gram equals the sum of the squares on the sides. 

In Fig. 48 

BD^=(a + i8)-= a^ + 2SaiS+iS^ 

CA^ = (^ — a)- = ^ — 2 fiaj3 + ; 

CAr + BX>^ = 2a? + 2/S^ 
or 

BD^ + CA- = BA^ + AD® 4* DC® + CB®. 



18, T7ie sum of the squares of the diagoyicds of any quadri- 
lateral is twice the sum of the squares of the lines joining the 
middle points of the opposite sides. 
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Let AB = a, ad = /3, DC = y (Fig. 40). For the squares of 
the diagonals, we have 

(/5 + y)" + (/5 — a)% 

and for the bisecting lines 

lYheiice the proposition readily follows, 

19. Tlie sum of the squares of the sides of any quadrilateral 
exceeds the sum of the squares on the diagonals hyfour times the 
square of the line joining the middle i^oints of the diagonals. 

Let AB = a, AC = /?, AD = y 
(Fig. 50) . The squares of the Sig 5o. 

sides as vectors are i> 

a? + (^ — a)- + (y — /3)^ + y^, 

or 

2(o? + + /) - 2S/?a - 2SyyS. 

The squares of the diagonals are 

/3= + (y-ar, 

or 

/3^ + y2 + a2-2Sya. 

The former sum exceeds the latter by 

^ /J2 + ^ 2 S^a - 2 Sy;3 + 2 Sya , 

or by 

(a — /3 + y)^ 

which may be put under the form 




Fi- 4rt 



1 a 
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But and — ^ = &a. Substituting these values, 

we obtain 

4(aoH-sa)S or 4so% 
which is also true of the vector lengths. 


20. Iti any quadrilateral^ if the lines Joining the middle jyoints 
of ojyjosite sides are at right angles^ the diagonals are equal. 
With the notation of Fig. 49, we have 

KE . GH = [i(y — a) + /9]^(a+y). 


But, by condition. 


= 0 . 


Whence 

(y + ^)2 = (/S-a)^ 
AC® = BD®, 


or 


AC==BD. 


Fig. Ul. 



21. In any quadrilateral prism^ the 
sum of the squares of the edges exceeds 
the sum of the squares of the diagonals 
by eight times the square of the line 
joining the points of intersection of the 
tioo pairs of diagonals. 

Let OA = a, OB = /?, 00 = y, OD = S 
(Fig- 51). For the sum of the 
squares of the edges we have 


2[e.® + yS® + (8*^ a)®+ 2y® + (8 - ^)®] , 
or 

2 [2 a® + 2 + 2 y® + 2 8® ~ 2 SSa - 2 SS/J] . ( a) 


or 


The sum of die squares of the diagonals is 

(y + sV + (y - 8)= +(7 + (y +i8 - e)*, 




2 (o® + + 8® + 2 •/ - 2 Sa|8) . 


(&) 
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The vectors to the intersections of the diagonals are 
i‘(S + 'y) and 

ind the vector joining these points is 

Squaring and multiplying by eight, we have 

2 [a^ + /S' + 8^ + 2 Sa/3 - 2 Sag - 2 S/3S] , 

^hich added to (6) gives (a ) . 

22. In any tetmedron^ if two pairs of opjyosite edges are at 
right angles^ respectively^ the third pair will be at right angles. 

Let OA = a, OB = jS, 00 = 7 (Fig. 52) . 

The conditions give 

Sa(j8 — y) — 0, 

S^(a-7)=0. 

Subtracting the first of these equa- 
tions from the second o 

^•Sy(a-i3)-0, 

which is the proposition. 

23. To find the relations between the ecZgres, plane angles and 
areas of a tetraedron. 

With the notation of Fig. 52, we have 

CA . CB = (a — y) (^ — y)^ 

or 

CA • CB — a^ — ay — yy3 + yK (a) 

Representing the tensors of ca and cb by m and w, and taking 
the scalars of (a), ^ 

S(CA . cb) = Saj8 — Say — SyjS +^, 
whence , ft 

— ac cos Aoc — be cos boo = mn cos acb — cd> cos aob^ 


Fig 52. 
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^rliich is the relation between the edges and their included 
tingles. 

Taking the vectors of (fl), and squaring. 

[T(ca . CB)]^=:(ya/?)- — Ta/?Tay — TajSTyjS— TayTa^ | 

+ (Yay)-’ +TayVy^ -.Ty/?Ta^ +Ty/STay ^ {Yy^)K J 
But 

- (Ta/?Ty|S +Ty/5Ta|8) = - 2 S - Ta^TyjS (Eq. 55) 

= 2Tya/3TTy/? cosb, 


in which b is the angle between the planes aob, boc. 

Also 

- (Ya/SYay + YayYa/3) == - 2 S . Ya/STay = 2 TYajOTVay COS A, 
and 


TayYyyS + YyfSYay = 2 S • YayYy^ = — 2 TYayTYy/S cos (ISO® — c) 

= 2TYayTYy/8 COSO, 

Mg 52. 


c 



in which a^ b and c are the angles 
opposite the edges bo, ac and ab re- 
spectively. Hence (5) becomes 

- [Ty(CA * CB)]-= - (TYa/Sy- (TVay)" 

-(TTy^)^ 

4- 2TYa/3TY(iy COSA+ 2 TYa^TYyfi cosb 
4- 2 TYay TYy^ cos C. 


TY (cA » cb) = 2 area acb, 


and similarly for the others. Hence, dividing by —4, 

(areaABC)^= (area aob)^ + (area aoc)^ + (area boc)® — 

2 area aob area aoc cos a— 2 area aob area boc cos b — 
2areaAOC area boc cos c, 

which is the relation between the plane faces and their included 
angles. 
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If the angles are right angles, then 

(area abc)- — (area aob)^ + (area aoc)^ + (area boc)^. 


24. To inscribe a circle in n given triangle* 
Let a, y (Fig. 53) be unit rec- 
tors along the sides. Then, Art. 16, 
the angle-bisectors are 

— y{y + °-), 

Z[a — j3). 

Now 

^(/^ + y) = <^y — y{y + o)- 
Operating with V . (y + a) x 


53 . 





cTay 


Hence 


Vyi^-f-Ta/JH-Vay 


AO = a;(i8 + y): 


cTay 


Ty/3 -f- Va^ +Yay 


i^ + y), 


or, since a, y are unit rectors, ' 
osinB 




AO = 


sinA -f shiB + sinc 


(/8+y). 


Squaring, to find the length of ao, we have, since (^8 + y)®=s 
— 2(1 + ,cosa), A \i 

.„2 CSIUB To 


sin A -h smB + sincj 


AO 


sin A -hsinB + sinc 

csina 

sinA -hsinB + sinc 

csinB 

sinA +sinB + smc 


2 (1+cosa), 
V2 (1+ cosa), 


2cos^a. 


25. If tangents be draion at the vertices of a triangle inscribed 
in a circle^ their intersections with the o^iposite sides of the triangle 
wUl lie in a straight line* 
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Let o be the center of the circle (Fig. 54) whose radius is 
and OA = a, OB = /?, oc=y. Since oa and ap are at right 
angles, 

S(OA . AP) = 0. 

But 

AP = AB + BP = AB -f ^BC = /3 — a+^(y — /5); 


Fig 54 



hence, substituting this value above, 

S«[;8-« + y(y-^)]=0, 

Sa" = Sa/J + yS (ay — a/S) , 


jI+M.. 

Say-Saj8’ 


Therefore 


OP = OB 4- BP = ^ -h ysc = ;8 - (y - ^) 

(/^+Sav)j3-(r^ + Sa;8)Y 

Say — Sa^ 


Similarly, or, by a C3’'clic change of vectors, 

^Q_ (>^ + Sa/3)y-(i-^ + S;8Y)a 
Sa;8-S/3y ’ 

^^,_ (>^ + ^<8Y)a-(»-° + SaY)g 
S)Sy — Say 

Whence 

(Say — Sa^) OP + (Sa)3 — SjSy) OQ + (S/Jy — Say)OR = 0. 
But also 

(Say — Sa/8) + (SayS — SySy) + (S/3y — Say) = 0. 


Hence p, q and r are collinear. 

26 • Tim sum of the angles of a triangle is two right angles^ 
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Let a, y be unit vectors along bc, ca and ab (Fig. 5o). 


Then (Ai*t. 42) 


Fig. 55 



y P a 


Hence ~ (</> + ^ + = an even multiple of 2 (Art. 42) , as 2 ji,. 

TT 

as we go round the triangle 7i times. 

In taking the arithmetical sum, or passing once round., we 
take the first even multiple of 2, or 


TT 


and the sum of the interio}' angles is 3 tt — 2 tt = tt, or two right 
angles. 

27, The angles at the dose of an isosceles triangle are equal ia 
each other. 

Let a and (Fig. 56) be the vector sides 
of the triangle, and Ta = Ty?. Then, if the 
proposition be true, 

_fL_ = K-A_, 

a — /? jS — a 

or 

a(a lEy3(j8 - a)-i= (yS - a)-% 

a(/3 — a) = (o — 


Fig. 56. 



wMcsh is trae, since Ta = T^. 
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28. To find aj[)oint on the base of a triangle such that, if lines 
be drawn through it paraM to and limited by the sides, they ^viU 
be equal. 


Fig. 57. 



Draw DE (Fig. 57) and df parallel to 
the sides. From similar triangles, if 


AE = arAC, 
X 

whence 


Now 


AE _ FB ^ AB — AF 
AC “ AB AB 


1 — aj = 


AF 

AB 


AD = AF + FD, 


or, since fd = ae, 

= (1 — ir)AB+XAC. 


But, since fd is to be equal to ed, 


and therefore 


(1 — £c)Tab = icTAC = 3/ ; 

. * . (1 — 2C) TABrAB = 2 /UaB, 
^iTacUac = 2/Uac, 

AD = y (Uab + IIac) , 


and D is on the angle-hisector. 


29. 


Ftg. 58. 


If any line be drawn through the middle point of a line 
joining two parallels, it is bisected at that 
point. 

30. If the diagonal of a parcdMogram 
is an angle-bisector, the parallelogram is a 
rhombus. 

31. In any triamgle the sum of the 
squares of the lines gh, ke, df (Fig. 58) 
is three times the sum of the squares of the 
sides of the triangle. 



* 32. The sum of the angles about two right lines which intersect 
is four nght angles. 
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If the sides of any j^olyyon be ])rodiiced so as to form 
one angle at each vertex^ the sum of the angles is four right 
angles. . 

• 34. Find the eight roots of unity (Art. 39). 

•33. The square of the medial to any side of a triangle is one- 
half the sum of the squares of the sides which contain miniis^ 
one-fourth the square of the third side, 

55. Product of two or more Vectors. 

1. Let q = a/S, Y = y. Then, since 

Sa^y = SyayS. 

Let q = ya, r — /S. Then 

SgJ* = Srq = Syaj8 = SjSya ; 

, • , *Sa/Sy = SjSya = Sya^ (108), 

or, the scalar of the joroduct of three vectors is the same if the 
cyclical order is not changed. 

This may also be shown by means of the associative law of 
vector multiplication as follows: 

aj8y = (a^)y = (So^ +\a^)y. 

Taking tlie scalars 

Sa/3y = S(Sa;8+Ta/3)y 

= S(Tay8 . y) , since S(So)3 , y) = 0, 
= S . yTo^ ; 

introducing the term S . ySa/3 = 0, 

= S .yTajS + S.yM 
= S.y(Sa^+Ta;S) 

=3 Sy(<>||8) = Syn^- 
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In a similar manner 

Sa^y = S . ct(S/?y +T/?y) 

= S . aT/Sy 
= S(T/5y .a) 

= S( VySy -f S^5y) a 
= S^ya, 

and, as l)efore, 

Sa/?y = SjSya = Sya/?. 

2, Again 

Sa/3y = S. a(Sj(5y+T^y) 

= S . aT/3y 

= - S . aTyP 
= -Sa(Ty^ + Sy/?); 

Sa/3y = — Say/3 (109), 

or, a change in the cyclical order of three vectors changes the sign 
of the scalar of their jyrodiicU 

3, Resuming 

aj3y = o.{^y) 

and taking the vectors, 

Va/3y = T . a(SjSy +T‘/3y) 

— aS/3y +T . ciT^y, 

Also 

Ty/3a=T(Sy/?+Yy/3)a 

= T . aSy/3 — T * aYy^ 

= Y . aSy/3 "hY • aY^y 
= Y.a(Sy;8 + V/?y) 

= aS^y + Y # aY/3y ; 

Ya^y=Yy/3a (110), 

or, vector of the product of three vectors is the same as the 
vector of their xn'oduct in inverted order. 

4, Geometrical interpretation of Sa/3y. 

Let a, /?, y be unit vectors along the three adjacent edges oa, 
OB, oc (Fig. 59) of anj" parallelopiped, B being the angle be^ 



geomethic multiplication and division. 101 

tween a and and 6^ the angle made hy y with the plane aob. 
Then 

a/5 = — cos^ + e sin^, 

€ being a vector perpendicular to the plane aoil 
O perating with x S . y 

SajSy = S ( — cos 0 + e sin y Fij? . rA 

= S(sin^ . ey). 

But S£y = — eos of the angle 
between e and y = — sin^^ ; 

Saj!5y = — sin^sin^; 

Now, if a, /5, y represent as vectors the edges oa, ob, oc, 
whose lengths are 6, c, 

Say5y = — TaTjCTy sin 0 sin 
= — ahc sin 6 sin 9[ 

But u6sin5 = area of the parallelogram whose sides are a and 
bj and csintf' = perpendicular from c on the plane aob. Hence 

— Sa/5y == vohme of a paralMoj^ped whose edges are 
a, h and c, drawn parcdlel to a, and y, 

Oor, 1. Whatever the order of the vectors, the volume is the 
same ; hence, as already shown, 

± SajSy = ± S/5ya = ± Sya^ = Say^, etc. 

Gor 2. If Sa/5y = 0, neither a, nor y being zero, then either 
5 = 0, or = 0, ana the vectors are complanar. . 

Cor. 8. Conversely, if a, y are complanar, Sa/8y = 0. 

Got. 4. The volume of the triangular p^Tamid of whicli the 
edges are oc, ob, oa, is ^ Sa/5y. 

5. We have seen that when a, jS and y are complanar, Sa/5y = 0, 
and therefore a/3y is a vector. To find this vector, suppose a 
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tiiangle eonstructecl Trliose sides ab, bCj cx have the directions 
of a, /3 and y respectively, a vector not being changed by motion 
parallel to itself. Since the tensor of the vector sought is the prod- 
uct of the tensors of a, yS and y, vre have to find U {xz • bc • oa) , 
i.e., its direction, Cu’cumscribe on the triangle abc a chcle and 
draw a tangent at a, represented by t'at. Since the angles tab 
and BOA ai’e equal, we have 



whence 

U(bc . ca) = tJ(AB . at') [= TJ (ba . at) ] . 

Introducing Uab X 

Tr(AB . BC . oa) = II(aB . ab . at') [ = 11 (ab . BA . AT)], 

or, since U (ab . ba) = — (U . ab)®= 1 , 

ir(AB . BC .CA)s= — U . AT'ssU .at. 

Hence, if a, b, c are any three non-coUinear points in a plane, 
or if a, ;8, y are the sides of a triangle joining them, in order 
(in either direction, since YaySy = Ty/?a) , 

a^y, ^ya, ya/3 

are the vector tangents to the drcumscribing circle at the angles 
of the ti-iaugle. 

Again, if a, b, c ai-e any three points in a plane, not in a 
straight line, and a and yS are two vectors along the two sneces- 
sive sides ab, bc of the tiiaugle which they determine, and cn a 
vector drawn from c parallel to y, intersecting the circumscribed 
circle at n, then is da parallel to Vay5y = S. For 

8 = a/Jy = a|^y = o^yS'V (Ty3)^ar^' = - 

whence U . which turns /S parallel to — a, turns 7 into a 

direction S = ba, the opposite angles of an inscribed quadrilateral 
being supplemental^. 
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If 7 have a direction such that cd crosses ak, or the quadri- 
lateral is a crossed one, it is evident on construction of the 

figure that ^ , 

XJa/3y = U (ad) = - U8. 

Hence the continued product of the three successive vector 
sides of a quadrilateral inscribed in a circle is parallel to the 
fourth side, its direction being towards or from the initial point 
as the quadrilateral is uncrossed or crossed ; and, conversely, no 
plane quadrilateral can satisf}" the above formula ± US = XJa/3y, 
unless A, B, c and d are con-circular. The continued product 
of the four successive sides of an inscribed quadrilateral is a 

scalar, for . . 

a/5yS = (a/?y)8 = ± S® = qp 


Since the product of two vectors is a quaternion whose axis is 
perpendicular to their plane, while the product of a quaternion 
by a vector perpendicular to its axis is another vector perpen- 
dicular to its axis, and so on, it follows that the continued 
product of any even number of complanar vectors is generally a 
quaternion whose axis is perpendicular to their plane, while the 
product of any odd number of complanar vectors is a vector in 
the same plane. Hence the formulae 


Sa =s 0, Sa/3y = 0, SaPyScr = 0, etc.. 


for complanar vectors. 

If, however, the given vectors are parallel to the sides of a 
polygon ABC MN inscribed in a circle, then 

U(ab . bc . CD ikiN • na)= TJ(ab . Bc . ca) U(ac • CD . da) 

X U(am •mn.na). 

But each of the products U(ab • bc • ca) is equal to U - at, 
AT being the tangent to the circle at a. Hence 

U (AB * bc • CD MN . NA) = (TJ • AT)% 

which reduces, according as n is even or odd, to ± 1 or ±U • at. 
Hence the product of the vectors will be a scalar or a vector 
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according as their number is even or odd, and in the latter case 
this vector is parallel to the tangent at a. 

If the vectors are not complanar, but parallel to the successive 
sides of a gauche polygon inscribed in a sphere, the polygon 
may be divided as above into triangles, for each of which the 
product of the thi*ee successive sides is a vector tangent to the 
circumscribing circle, all these vectors l}ing in the tangent plane 
to the sphere at the initial point. If the number of sides is even, 
their product wih be a quaternion whose axis is peri^endieular to 
the tangent plane, lies in the direction of the radius of the 
sphere to the initial point ; if odd, the product is a vector in the 
:angent plane. 

; Hence, if a, b, c and n are four given points, not in a plane, 
LB = a, BC =s /8, CD = y being given vectors, and p any other 
point such that dp = o-, pa = />, if p lies on the surface of a 
sphere through the four given points, we have the necessary and 
suifficient condition 

ajiycrp j=s poyjSa, 

for each member is equal to minus the conjugate of the other, 
and must therefore (Aii;. 46) be a vector. 

6. From Equation (56) , 

/?y-.y^=a2T/gy. 

Operating with T . a x 

2 V » ajfiy = T • a(/Sy — y ^) . 

Introducing in the second member /Say — /Say, 

=T (afiy — ay/S + /Say — /Jay) 

= T(a/3 + /Ja)y — T(ay/? + ya^) 

= 2(Sa^)y — T(ay + ya))8 

= 2ySa/J — 2 /JSay. 

Hence 

V € aYySy — ySa^ — ^Say . . . . (1 H ) • 
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This formxda may he extended. Thus, for a -write TaS. and 
we have 

T = yS(TaS) - j8S(TaS)y. 

y «iTaSy/?y ^ ySaS;6 - ^SaSy , , . . (112), 

An Inspection of this femula sliows that it^gives^a yector 
complanar with y and /?. Moreover, since ’ 

y . yaSy^y = y . Jy^JaB - SSy/3a - aSyjSS, 

it is also complanar with a and 3, and is, therefore, parallel to 
the line of intersection of the planes of a, 8, and /3. y. 

Similarly 

y « Y/SyYa^ = 8S^ya — aSjSyS = — y • YaBY^y • (113) . 

Adding Equations (112) and (113) 

8S/3ya — aSjSyS + ySaSjS — ^SaSy = 0 . . (114), 

or 

SSajSy = aSjSyS — jSSayS + ySajSS , . . (115) , 

a formula expressing a vector 8 in terms of any three given di- 
planar vectors, a, /?, y ; so that, if 

S/8y8 = 6, — SayS SyotS = C, Sa/38 = a, Saj5y = m, 

S ss m“^(5a + C)S + ay) , 


7. Resuming Equation (111), and adding aSjSy to both mem- 
bers 

’ V . aTjSy + oS/ffy = ySaj3 - jSSay + «S)8y, 

whence 

T . o(S^y + Tj8y) = 

Taj8y=:oS^y — ^^oy + ySa^ . . . . (H®)* 


The form of this equation diows that a and y maj be inter 
changed, or that TajSy = Ty/8a, as already shown. 

Again, repladng a by Ta^ in Equation (111), 


T.Ta^^y = 


-y8(T.^^-/SS(T.ia)y, 


T . YafiTpy = - fiBoBv TT 


(117). 
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8. "Writing YySajS first as T (y • Ba^) , and then as T (yS . a/5) 
we have 

V(y . Sa/5) = y . y (SSa/5 -hTBa/S) 

=:ySSa/5+T.yV8a/5 

[Equation (116)] = ySa^SS+TySSa/S — YyaSS^S +yy^S8a. (a) 

T(y8 . ajS) = Y(SyS +Yy8) (Sa/3 +Ya;g) 

= Yy8Sa/5 +Ya/5Sy8 + Y • YySYa/5 
:= YySSa^ 4-Ya/5Sy8 ~ Y . Ya^YyS, 

or, Equation (112), 

= YySSa^g + Ya/5SyS - SSa/5y+ ySa/58. (2>) 

Equating (u) and (h), 

SSa/5y = Y/5ySa84-YyaS/58+Ya/5Sy8 . . (118), 

a formula expressing a vector 8 in terms of three other vectors 
resulting from their iDroducts taken two and two ; so that, if 
Sa^y = SaS = a, S^8 = Sy8 = C, 

8 = (flY/5y + i^Yya + cYa/8) . 

Operating on Equation (118) with S * p X , we obtain, since 
S * pYya = Spya, 

^ ' \ 

SpSSa^y — ^/BB^pya ~ SaSRc^v — SySSpa^ = 0, 

Sa8S)^y - S/58Sypa + SySSpV - Sp8Sa/5y = 0 . (119) , 
a formula eliminating S. 


56. Exercises. 

Prove the following relations : 

1 . Saj8yS = SSa/5y. ' 

2. a/5 • /5y = — ay, u ^ 

3. a^/5^™ a/5 • /5a. ^ 

1. S . Ja^JI3y=S . af3Y/^ 

5. Sa^y8 = Saj^Sy8-»SayS/58 + Sa8Sj8y .^jUt 
from which show that Sa/SyS = ^fByBa, 



( 120 ). 

( 121 ), 
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6. S.Ta^YyS'=Sa8Sy8y-iSayS|8S (122). 

7. S(a + ^)(^ + 7)(y + a) = 2Sii^y. /' ^ 

8. a;8y + y/8a= 2Ta;8y. ' "' ; ** ^ 

9 . a/5y — y^a = 2 Sa^y . 

10. T(aT/8y+iSTya+yToy3)=0 V\'\-S. . . (123). 

11. Ta/Jy + Vya^ = 2 ykSajS- i ^ / f j , f 

12. aT/^y + /8Tya + yTa^ = 3 Sa^y. \ ^ » 

13. S.Ta^V/SyTya = -(Sa/3y)2. 

14. S • yT^a = y)3a — yS/3a + ^Sya — aS^y . . . (124) . 

15. S , T(Tal3Y^y) V(T^yVya) T(TyaVa^) = - (Sa/3y)*. V 

16. S[Ta/3Vy8 + YayV8j8 + YaSYj8y]=0 ; . o / W ;';p25). 

17. If Sa^y = m j Sap = 0, .Bj3p = 0, Syp = 0, show that p = 0, 

Conversely, if p is not zero, then So^y = Q. 

18. Interpret p = 

We have first, directly, 

Tp = T^, 

SapjS = Saa'^/SayS = SjSajS = Sy(?a = 0 ; 

/. p, a and ^ are complanar. 

Sap = Saa“^/?a = SySa^ 

— TpTa COS ^ = — TaT/? COS 

or, since Tp = TyS, cos cos 

Similarly Yap = Y/3a, and sinfl = sin Hence 

= ^, 

and a bisects the angle between yS and p. 

19 . Show that p = = a"'^(Say8 — YoyS) . 

20. p being any vector, show that V . TapYp^ ^ xp, ^ > •< 

21. If SayS = --a®, show that aisperpendicnlarto jS — o- 

22. YYhat are the relative directions of a and yS, if K- = — - ? 
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57. Examples. 

1. The altitudes of a triangle intersect in a point. 

Let (Fig. 60) AC — cb = a, ab = y. 
Fig. 60 Then yectors along c'c, b^b and a'a are 

c 

ey, — €^9 — ea 

respectively. Now 

AO = AC + CO = AB + BO, 

/S — OJtyssy + 







y C' 


B or 


Operating with x S • /S, we have, since i/SejS^ = 0, 


fl? = 


SajS 

SeyjS' 


Having assumed o to he the intersection of the altitudes bb' 
and cc{ let o' he the intersection of aa' and cci Then 


or 


AO':=AC + CO,' 
mea = ^ — os'cy. 


Operating with x S • a 

_ S^a SjSa 

Se/a Sacy 
_ S/3a _ Sa)8 
S(y-^)ey -SjSty 
_ Sa/3 
Sey^ 

Hence o and o' coincide, and 


AO = ^ 


Soff 

S*yj8 


«y- 
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2. To drciimscrihe a circle cibout a triangle. 

Let (Fig. 61) AC = ^8, cb = a, ab = y. 

Then 

A^o = — Xea^ 

C'O = yey, 

b' 0 = — !2€j8. 

Operating with X S . /5 on the expres- 
sion 

AO = iy -h ^ 
we have 

^ 2Sey/3 

Operating with x S . a on 

Bo' = --iy + y'6y = — -J-a — xUa, 

we have 

yf = 

^ 2S€ya 2S€y/3* 

Therefore y = y' and o and o' coincide. 

The radius may be found by squaring 

j,o = iy+m-iy-^^, 

whence 

(? c^g^’S^cos^c j 
4 4?^c^sjtfA 


Fig. 61 . 


C 



Binee, if a, &, c are the tensors of o, /8, y, 


Hence 



S(iy . yey) = 0, 


. g^yc08*0 
4Wsii^A‘ 


Ve*sin*A + tt^c<^c _ ^ 


2sinA 


2BinA 



no 
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3. In any iriangU^ the centre of the circimscrihed circle^ the 
intenection of the altitudes (md the intersection of the medials lie 
in the same straight line; and the distance between the last ttoo 
joints is two-thirds of the distance between the first tico. 

Let M (Fig. 62) be the intersection of 
rig.C 2 . ixieclials, a' that of the altitudes, and 

c the center of the circle. 

Then, from Ex. 5, Art. 11, where cp 
(Fig. 11) is given in terms of the adjacent 
sides, we have 

AM = ^(/S + y). 

From Ex. 1, Art. 57, 



aa^ = /34 


Sa/3 


From Ex* 2, Art. 57, 


Sfiy/3 




ACss |-(y- 


But 

and 


Sa/? 

Sey/J 




CM = AM - AC = - J-y + 

Sey/S 

MA' = AA'-AM=f^-iy 4- ^€y. 

ma' = 2cm, 


and, since, as vectors, they are mnltifiles of each other, and have 
a common point, they form one and the same straight line. 

4. To find the condition that the perpendimlars from the angles 
of a tetraedron to the op])Osite faces shall intersect 

With the notation of Fig. 52, the per^Dendiculars from a and b 
on the opposite faces are 

Tj3y and Vya. 

If they intersect, at p say, then must a, b, p lie in one plane. 
Hence, Art. 55, 4, Cor. 3, 


S[(/S-a)Wya]=0, 
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or 

S (j8 - a) [S . VjSyTya + T . TySyTya] = 0, 
S(/3-a)V.T;3yTya=0. 

Fisf 52 C&i'?). 

But, Equatiou (117), 

T * TjSyVya = — yS/ffya ; 

. ' . — (S^y — Say) S^ya = 0, 
or 

S/5y = Say, (a) o 
From the figure, we liave 

BC" + OA^ = (y — jS)- + 

==y^^2Syj3 + ^ + a' 
or, from (a), = y^ — 2 Say +j3“ + a^ 

==(y-a)-^ + /3^ 

= ac2 + ob2. 

Hence the conclition is that the $ims of the squares of each pair 
of op2:iosite edges shall be the same. 

5. Interpret Equation (118), 

SSa^y = T^ySaS + VyaS/JS + Ya/JSyS, 

under the condition that a, jS, y be complanar with S. 

If a, /8, y are complanar, Sa/8y = 0, and therefore, 8 being in 
or out of the plane, 

Sa8Y/3y 4- SjSJVya + SySTa/? = 0. (a) 

If 8 be in the plane, we have for any four co-initial lines 

OA, OB, OC, OD, 

sin BOC COSAOB + sin CO A cos bod + sillAOB cos COD = 0, 

and, for a line perpendicular to on, 

sin BOC sinAOD + sincoA sin bod + sinAOB sin cod = 0. 

If 8 is perpendiculai’ to the plane, tiie terms in (a) vanish 
separately. 
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6. If Z de the ctngles made by any line op loith three 

rectangular acoes, tlmi 

cos^X + cos- Y + cos^^ — 1. 

From Equation (67) 

ip = XV + yij -f- jsiA; = — a? + yk — zj^ 

whence 

(Sip)^ = a^. 

Operating in a similar manner with S . J x and S . A X we obtain 

— = (S^p)' (%p)^ + {^kpy. 

If Tpssr, thenp^ = — r^, Sip — — r cos X, etc. Hence 

op^ = op^ (cos®X + cos^ Y 4- cos^ Z ) , 
or 

cos® X+ cos® Y + COS®^=s 1. 


^Applications to Spherical Trigonometry. 

Let ABC (Fig. 63) be anj spherical triangle on the surface of 
^ ^ sphere whose center is o ; a, y 

c' " being unit vectors from o to the vertices. 



The sides ab, bc, ca represent versors 
whose angles are c, a, and axes are 

OC'=ry; OA'=:a; 0B'=j8^- a[ y' 

being unit vectors to the vertices of the 
polar triangle whose sides are «; b' g\ 
the supplements of the opposite angles 
A, B, c of the triangle abc. 


7. We have first 


y ay’ 


(a) 
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Taking the scalars, we have [liquation (90)], 


But 

and 


S- = S- S- + S.T-T-. 

y ay ay 

S- = cosa, S“ = cosc, S- = cos6, 
y ay’ 

B a 

S . V-T- = S(sinc * y')(sin& . ^') 
a y 

= sine sin & Sy'/?' ^ 

== — sin c sin Z> cos 
= sine sin & cos a. 

Hence, in (a), 

cosa = cose cos6 + sine smb cos a. 

By a cyclic permutation of the letters in (a) , we obtain 


Whence, as before 


i—y L 

a o 

s5:=s^s^+s.t|t^» 

a P a pa 


or 


COS h = COS a cos e + sin a sine 
in which — — cos5^ = cosb. 

cos& = cosa cose + sina sine cosB. 


(6) 




Similarly, or directly by cyclic permntation in (c), 


cos c = cos i cos a + sin & sin a cos c* 
Prom the relation 

p^ J 

7=a^ 7 

may be deduced in like manner 

— cosA = cosc cosB — sine sins cosa. 
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8 . Resuming the equation 

^ — ^ - 
7 ay 


of the last example, and taking the vectors, we have [Equa- 
tion ( 91 )], 


But 


= S- T- + B-T- + T . V- 

y ay y a 7 


J 


(a) 


T- “ — a'sina, 

7 

iS a 

S-y- = cosc(yS^sin&)=:coscsm& . /S; 
a B 

S-V ~ = COS & (y ^ sin c) = COS & sine . yj 
B a 

T • y^y- = T(y'sinc)(^'sin&)=sinc 8 in 5 Ty'/?' 

= sincsin 6 (— asina') = — sincsinSsinA • a. 

Substituting in («), 

—sin a . a'=cosc sin& . / 3 '+cos 2 >sinc .y'— sincsin 2 >sinA - a. (b) 
Operating with x S . y'“S 

aJ B^ CL 

— sina - S—, = coscsindSS+cos 6 sincS— sincsin&ainAS-;? 
7 7 7 7 

in which 


S^ = COS2^'=: — COSB, 

R* 

SS = — COSA, 

S -, = 0, since a and y^ are at right angles. 

Hence 

sin (2 cos B = cos2> sine — cose sin 6 cos a. 
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and in the same inaiineV, or by a cyclic permutation of the letters, 

sin b cosc == cos c sina — cosa sine cosb, 
sine cosA = cosa sin6 — cos5 sina cosc. 


9. Operating on Equation (&) of the last example mth 
X V . instead of X S . 

— sina Y—, = cosc smi;V + cos sine sine sin 5 siuAY— ,• 

-v 7/ "V 


But 


Y ~ = ySsin&' = /?sinB, 

y 

Tr/5' . ^ 

Y^ = — cLSina' = — asmA, 


T^ = 0. 

7 


Fig. fj3 



Substituting these ralnes 

— sin a sin B . /3 = — cos c sin sin a . a 

a 

— sin c sin 6 sin a , Y-; 

Y 

Operating with x a-i, and substituting for 
o 

- = cos C + y' sill C% 

a * 

we obtain 

— sina sinB cosc — sina sins sine , y' = — cosc sinb sin a 
— sine sinb siiiA • yl ^ 

Equating the scalar or vector parts, we have in either case 
sin a sin b = sin a sin b, 
sina : sinb : : sinA ; sinB. 


or 


The formulae of the preceding examples have all been deduced 
from the equation - = - The product as -well as the quotient 

y a y 

may also be employed, as follows: 
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10, Assuming the rector product 
Ta/3T^y, 

and taking the rector part, we have [Equation (117)], 

T . = - /3Sa/3y. (a) 

But 

T . Ta/3T/?y = T(y^sinc) (a'sin a) = sine sina sins . /S, 
and, Art. 55, 4, 

Sapy == — sine sin^,^ 


10 ' being the angle made by oc with the plane of c. Substituting 
in (a)c 

sine shia sins • /3 — sine sm0' . /?, 

Fig 63, 

or 



sin0's=sinasinB, 

By permutation, from (a) , 

T • \yaTafi = — aSya^ =s — aSa;Sy, 
or 

sin^j sine sin a . a = sine sin0' ♦ a, 
siu0^ = siu& sinA, 


Equating these values of sinSj we have, as in Example 9, 


sinct : sin 5 : : sinA : siziB. 


11. Let Pa, j9i, Pc represent the arcs drawn from the vertices 
of ABC perpendicular to the opposite sides. 

Resuming Equation (a) of the preceding example, and taking 
the tensors, 

TT . Ta/3T/Jy = Saj8y = sine 8inj9fl, 

= S^ya = sin a sin 
= Sya/5 = sin b sin 
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and, taking the tensor of Y . Ta/3Tj8y from the last example, 
sine sin a sins = sin a sm2\ = sinb Bmp^ = sine sinp^* 


or 


sm 2 ^= smosins, 

^ sine sin rr . 

sm2h = ; — sins, 

sm6 

sin Pc = sin a sins. 


12. Shoio that if abc, be tvjo tri-rectangular trkmgles on 
the surface of a sphere^ 

cos AA^ = cosbb' coscc' — cosb'c cosbc', 

the triangles being lettered in the same order. 

Let a, jS, 7 , a! /?; y be the rectors to the vertices. These 
being at right angles, in each triangle, we have 

cos AA^ = - Saa' = - S . 

or, Equation (122) , 

cos AA^ = S/JjS^Syy^ — 

= COSBB^ eoscc' — cosb'c cosbc' 


[The vectors of Equation (122) are arbitrary, but we may 
divide both members by the tensor of the product of the vectors, 
so that 

S(TUa/?TU78) =SUa8SlJi8r - SUaySU/^S, 
for the unit sphere.] 

13. Let ABCD be a spherical quadrilateral whose sides are 
AB = a, BC = CD = c, DA = d, the vectors to the poles of these 
arcs being a, jSf y' 8' respectively. Then 

Va^ — a^sina, 

YyS =y'sinc. 
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From Equation (122), 

S . Ya/3\yS = SaSSjSy - SayS/J8, 
or 

sin a sin c Sa^ = ( — cos da) ( — cos nc) — ( — cos db) ( cos ac) * 

But Sa'’y' = — eosL, L being the angle formed by the arcs ab 
and CD Trhere they meet, the ares being estimated in the 
directions indicated by the order of their terminal letters* 
Hence 

sin AB sin CD cos l = cos ac cos bd — cos ad cos bc, 
a formula due to Gauss. 

14. Retaining the above notation, abcd being still a spherical 
quadrilateral, denote the angles at the intersections of the arcs 
AB and CD, AC and db, ad and bc, by l, m and n respectively* 
Then, from Equation (125), 

S[yaj8Ty5 + YayYB^ + YaSY/Jy] = 0, 

we have identically 


siiiAB sin CD cosL + sin AC siiiBD cosm -1- sin ad sinBC cosn = 0* 


Were the points a, b, c, d on the same great circle, the angles 
L, M and N would be zero, and the above reduces to 

sin AB sin cd + sin ac sin bd + sin ad sin bc = 0 , 

and for a line oaJ perpendicular to oa and in the same plane,, 
dropping the accent, we have 

COSAB sin CD + cos AO sinBD + cos AD sinBC = 0, 

which are the results of Example 5 of this article. 
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58. General Formulae. 

1. We have seen, Equation (86), that SS = SS and TS = 2T ; 
but (Art 50, 4) that 5T is not equal to T2, nor STJ to US. We 
have also seen, Equations (96) and (97), that Tn = nT and 
Un — nU; but Sn is not equal to IIS, nor Til to nV:‘ Ibr, 
1st, sn is independent of the factors under the n sign, provided 
the product remains the same, while US is dependent upon 
them ; and, 2d, because (Ai-t 55, 5) IIT is not necessarily a 
vector. 

2. Eesuming Equation (92), 

Sr^ = Sqr, 

and, since r is arbitrary, writing rs for r, we have, by the asso- 
ciative law (Art. 52), 

S(rs){f = Sg(ra), 

Sra5^=S5gr=S2ra . . * , (126), 


a formula which may evidently be extended. Hence, the scalar 
of the product of any number of quaternions is the same^ so long 
as the cyclical order is maintained. 

3. Let p, r, a be four quaternions, such that 


qr=ps. 

Operating with x , 

Xq.qf = (Kq . q)r = (qKq)r = Kg . gjs, 
since conjugate quaternions are commutative. Hence 
(Tqyr = Xq.ps, 


(a) 


or 


r = 


Kg . j)s 

1!W 


= Eg.i?s=- ‘jw 


( 127 ). 


Operating on (a) with x Kr, we have 

# Kr = • Kr, 
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or 

q(Try = jysKr^ 
yjsKr 1 

••• g = Jl^.=2^sRr=ps- . . . (128), 

Hence, in any equcLtion of the j)f‘oducts of two quaternions^ 
the first factor of one member may be remomd by tenting its con- 
jugate as the first factor of the second member^ and dividing the 
latter by the square of the tensor^ or simxyhj by introducing the 
reciprocal as the first factor in the second member. By substi- 
tuting tbe word last for firsts the above rule will apply to the 

second transfonnation. 

4. Resuming, for facility of reference, the equations 

Q’=| = ^(eos^ + «8in^) = Tg'.Uff = Sff + T?, (JL) 
1 S Tfl 

X? = ^(eos^-eBin^) = S9-Tff, (C?) 

T?e observe directly that 

S2 = S(Tg.U?) = Tg. SUg . . .. (129), 

Tg = TTg-. tJTg = Tg.TUg . . . (ISO), 

TTg = Tg . TVUg = TTKg .... (131). 

5. It has been already shown (Art. 54, Fig. 40) that 
(To)®+ (Xjff)*= (Ty)*, and (Art. 54, Fig. 42) that Ta=Ty . cos 
T)8 = Ty . sin ^ ; and therefore 

(Ty)= cos*^ + (Ty)*sinV = (Xy)®, 

or 

sm®<^ + cos®^=l. 

Hence, fiom Equations (44), 

(Srg)®+(XTUg)®=l .... (132). 
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This important formula might have been mitten at once by 
assuming the above well-known relation of Plane Trigonometry. 

6. From Equations (129) and (131), we may write Equa- 
tion (132) under the form 

{^y + (TYqY = (Tqy (133), 

or, from Equation (107), 

(Sq)2^(yq)^ = (Tq)=^==(S^)^+(TTq)^ . (134), 

since €® = — 1. 

7. Comparing (-4), (B) and (C), 

SUg = SU^ = SrKg . . . (135), 

TVUg = TTui==TVIJK5 . . (136), 
and from Equations (129) and (135), 

S^ = T^. SUq = Tg. SU“=T^. SUKg. . (137). 


8. Since Tg = TKq, we have 

Tg.TKg = (T$)2 ..... (138), 
and Tq being a positive scalar, 

KT^?-TK^^ (139). 


As exercises in the transformation of these and 'the following 
symbolical equations, some of the results already obtained will 
be deduced anew. Thus, to prove that T(gg^) = whence 

T • g® = (Tg)®, we have 

(Tgg')® = (qq^)K(gg') Equation (107) 

= gg'Kg'Kg Equation ^99 ) 

==g(g'EgOK7 = (WgKg ; 

= (TgOW" 

Tgg' =iTgTgi 
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9- Substituting for Sq and T\q their values from Equations 


(79) and (131) 


(TVK^)2 = (S^)2 + (TV^)^ . 

. (140). 

10, Resuming from Art, 51, 1, the expressions 


Yi'q “ Sri q -f" -J- 1 • YrYq^ 

(a) 

Yqr = ^iYr + S/ Yq -f- V . YqYr, 

Q>) 

S^rr=S^Sr + S.y2y/% 

(c) 

we have, by adding and subtracting, 


Yqr -f Yrq = 2 %qYr -J- 2 S/Tg ) 

Yqr — Yrq = 2 y • YqYr 1 ’ ’ 

. (141). 


And, if q=r. from (a) and (c), 


S.g= = (S$r+{Ta)*| 

whence 

^ = {Sqf + 2SqTq + (Jq)^ . 


(142) , 

(143) . 


Dividing Equations (142) by (Tg)® 

SU.^® = (SU 3 ’)s + (VU?)- 
TU .<f=-2SVq .JVq 
since, evidently, 

S. 5 ® = (T?)“Sr. 4 =) 
\.^ = lTqyYV.ifi 


(144) , 

(145) . 


Again, substituting in the second of Equations (142) the value 
of (Vg)* from Equation (184), we have 


S.sr“ = 2(Sq)*-(Tq)* (146), 


and dividing by (Tq)- 

SlI.q® = 2(SUg)*-l (147). 


Substituting (Sq)* from the same equation 
S . s®=2(Yq)® + (Tq)* . 


. ( 148 ). 
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Equations (146) and (148) may be written 

(S + T)g= = 2(S^)- and (S-T)j-= 2(Tr^)-. 

Introducing in (a), or (b), the condition that q and r are 
complanar, we have, after substituting versors, 

TCqr = TU^SUr + TTrSU^ , 

since, under the condition, T(Tr^TU?*) = 0. 

Taking the tensors, since q and r are eomplanar, 

TTLV=TTUgSrr+SU$TVXJr . . . (149), 

and, interpreting, Art. 51, 6, 

sin(^ + ^) = sind cos ^ -f cosS sin 

Introducing the same condition of complanarity in (c) 

S(/r = SqSr — TT^TYr, 

or, substituting versors as above, 

SUqr = SUgSUr-TTUgTYUr . . . (150), 

or, interpreting, 

cos(^ "h <^) = cos^ cos<^ — sm<^ sinft 
Ml. Putting Equation (146) under the fbnn 



and writing for we have 

sVg = V|W+W) . . • • ( 151 )- 


12. Tafcliig the tensors of difi first of Equations (142), we have 


TYq 


TT. q* 
2Sq ’ 
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and TO-iting for q 

or, by Equations (133) and (151), 


whence 

ind 


rrv /--i 

T1 • i(T?+Sq) 


TT . Vq = Vi(Tq - Sq) , 


(152) , 

(153) . 


13. From the definition of the powers of a quaternion, we have 

— (q»)'‘ = q"‘ .... (154). 

Hence, since q = Tq . Ug, in = HT and Un = HTJ, 

Tg~”* . Tg”::: 1, Ug"* . IJg”* = 1 . . (155). 

Also, because Ug'"' = UKg”*, 

g-“ = Tg-“ . rg-"=Tg-”’ . UKg” = Tg-*'’Kg", 

or, since Kjjg = KgKjs, writing pq for g, and making m = 1, 

- (JJ?)-' = T(pg)-®K2jg = T(i3g)-^KgKi> 

= T(j3g)"®(Tg)®(Ti?)®g"*y}“*. 

Or 

(jpg)-i = g-»p-> (156), 

the reciprocal of the product of two quaternions being equal to the 
product of their reciprocals in inverted order. 

This formula may he extended l>y the Associative principle, by 
a process similar to that employed in the deduction of Equation 
(126), so that if represent the product of the same factors as 
those of n, in reverse order, 

(lig)-» = n'g-‘ 


(157). 
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The equation 'Kpq = may be deduced without reference 
to spherical arcs. For, by Art. 44, any two quaternions can be 

reduced to the forms q = = ^, whence 

a /J 

pq = \, or jJSf. a = -y, iJ^ = y, 

and therefore 

KjJ . y = Kjj . = (Kj 3 . p) = (Tj3)=^. 

Now 

{^rmy = = (Ti>)=Kq . ^ 

= (Tp)2Kr/ . qa = (Tj>)2(Tg)2a = (Ti?q)^a 
1 = . a = • y 

/. K2;^ = K^Kj>, 

which, by the Associatiye law, gives 

KEx^n'K (158). 

14. Show that K(— g)=: — Kg. 

15. Show that 

T(/» + ?)“ = (P + (Ki> + Kff) 

= (Tj?)* + (Tg)* + 2 S . liKq ■ • : ’ " 

= (Tjj)* + (T^)* + 2TpTgSU . 2iK.q 
= (Ti) + Tg)®-2Tj>T3(l-SU .p&q)^ 

and therefore that T(^ + 9 ') cannot he greater than the sum or 
less than the difference of T^j and Tg. 

16. Show that = TTg — SqUVq. 

59 . Applications to Plane Trigonometry- 
1. For formulae involving 28, let 

gi = Tg(cos2S + €sin2tf). 

Vg = g* = V^(oostf -f «sin5). 


Then 
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From Equation (142), S . = we then have 

sg=(Sg')=+(W, 

or, clulding out T^, 

Srr^ = (SU^')- + (YlV)^ 

and, interpreting, 

cos2^ =: cos"^ — 

Again, from Equation (147), SU • = 2(SUg)^ — 1, 

SU^ = 2(Srr/)2-l; 

whence 

cos2^ = 2cos-^ — 1. 


Again, from Equation (142), T . Q'^ = 2S^Yq, 
T^f = 2S^'Vg^ 
or, diyiding out and c, 

TTUq = 2SU^'TVIIg'; 

whence 


sin2^ = 2cos0 sinS. 


2. Resuming Equations (14&) and (150), 

TTU^r = TTE^SUr + SU^TTUr, 
SU$r = SU^SUr — TTU^TTUr, 


which have already been interpreted as the sine and cosine of 
the sum of two angles, and writing for 

r=:Tr(cos<^ + 6sin<^), r"^ =i(cos<#> — €sm<^), 

q and r being complanar, we have 


lTU9r-' = T>TJ^SUr-SUgTVlJr . . (159), 
SUgr-^^SUjSUr + TTUgTVIJr . . (160), 

or, interpreting, 

sin (0 — <^) = sin5 cos^ — 8in<^cos^, 
cos (0 — ^)s: cos^ cos<^ + sin^ sin 
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3. Adding Equations (149) and (159), 

T^Xqr + = 2 SUrTTUr/. 

in which, if qr = p, = r = y/>PfArt. oH, 3), 

T\Ti^ + TTUf = 2SU(ViF‘')TTr(\'i^ . (161), 

or 

siiia? + sin?/ = 2cos^(x — y) sin4(a: + ^) . 

Similarly, by subtracting the same equations, 

TYU — TYU(yr“^ = 2 SU^TTLV, 

TTUj;-TTO==2SU(ViJ0TTU(ViJri) . (162), 

or 

sin a; — sin^ = 2 COS+ (ar + y) sin i (x — y) . 

4. From Equations (150) and (160), by addition and sub- 
traction, we obtain, in a similar manner, 

Sl'iJ + SU^ = 2SU(v5f)SU(y^F>) . . . (163), 
and _ 

srj) - sm = - 2TTU{ypOT'»ir(A/^i), 

whence 

cosa’ + cosy= 2cosi(x-f-S^) cos|-(a; — y), 
cosy — cosfl? = 2 sin + y) sin \{x — y ) . 

5. Resuming Equation (152), 

TTV?=VKT9-S4)> 

it may be put under the form 

2(TTUVg)® = l-Sr3, 
or 

2sin^-J^ =1 — cos^. 

and, in a similar manner, from Equation (151), 

sV?=ViWTW), 

2(STlVi)*=SU?+l, 

or 

2coi^'i^ =l+oos^. 
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6. From Equation (142) 


or 


(TY ; S)s^ 


2S5TTq 
{fiqr+iYqy 
2TV(? (Sfy)= 

Sq ‘(Sqy-(TTq)^ 
2(TT : S)5f 
l-[(TV;S)?r’ 


tan 20 = 


2tan0 
1 — tan®0" 


And, in a similar manner, 
cot 20 


cot°0— 1 
2cot0 


7. Prom Equations (90) and (91), ? and r being complanar, 


Sgrr = SqSr + S . TqYr = SgSr — TVq^Tr, 
TYgr = SgTVr + SrTY?, 


we have, by division, 

(TY : S)qr 


or 

tan(0 + <^) 

Also 

(TY : S)qr-* 
or 

tan(0 — 


SqTYr + S/TYq 
S^Sr-TYffTYr 
(TY: S)r + (TY:S)q 
1-(TY: S)q(TY: S)r* 

tan<^+tang 
1— tan<^ tanfl* 

{TV:S)g-(TV:S)r 
1 + (TY: S)q(TY: S)r" 

tau^ — tan(f» 

1-f tan^ taiK^’ 


8* Adding and subtracting 

(TY;S)iJ = ^, (TY:S)^ = ^^ 
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we have 

(TV:S)i) ± (TT:S)« 

_ TVp&t ± TYtSp _ TTCpSa ± TTOSUp 

Hence, from Equations (149) and (159), 

(TV:S)j>± (TT:S)i = ^^*, 


, , , sin (a: ± y) 

tana; ± tanv = — 

cos a: cos^ 


By a similar process, 


cot a; ± coty = 


sin (y±x) 
sina; siny 


9. From Equations (161) and (163) 

_ TVUp + TYU? 

28u;^ ' 


su^/jpt = 


whence 


SUji+Srt 

2SUV^’ 


(TW = s.)^=(,t:S)v^=^^±^. 

cosx + cosy 

And, in a similar manner, from Equations (162) and (163), 
(TT.S)Vp« _ 1 

tani(ai-y) = y . ? . j . ^ .. 

^ COS® + cosy 
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10. Similar formulae may be deduced for functions of other 
ratios of an angle. Thus, from Equation (90), "vsnating rs for 
9*, and raakiiig q=^r^s all eomplauar. Tre have, bv Equation 
(142). 

S . 5- = (SGf)"-3SqCTT$)^ 


or 


cos 3 ^ = co-b^^ — 3 cos B sin®^, 


or, under the more familiar form. 


cos 3^ = 4 c*os^^ — 3 cos 6. 



CHAPTER III. 


Applications to loci* 


60 . Any vector, as p, may be resolved into three component 
vectors parallel to any three given vectors, as a, jS, y, no two 
of which are parallel, and which are not parallel to any one 
plane. Thus 


p = xa+y^+zy 


(164) 


refers to any point in space. 

If the variable scalars functions of tm independ- 

ent vaiiable scalars, as f and a, p is the vector to a surface, 
which, if the functions are linear, will be a plane. We may, 


therefore, write 


u) 


(165) 


as the general equation of a surface. 

x,y and z are functions of one independent variable scalar, 
as t, p is the vector to a curve, which, if the functions are 
linear, becomes a right line. We may, therefore, write 

p = <^(0 (165) 

as the general equation of a cum in space. 

If a, jlS, y are complanar, we may replace either two of the 
vectors in Equation (164) by a single vector, in which case 
p = contains but two variable scalars, functions of t, and 
is the equation of a plane curve, or of a straight line if the func- 
tions are linear. 

The essential characteristic of tire various equations of a 
straight line is that they are linear, and involve, explicitly or 
implidtly, one indeterminate scalar. 

isi 
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61 . Assuming 

pz=zm + iflS. (a) 

in Tillich as and ij are variable scalars, functions of a single vari- 
able and indei^endent scalar, as as tlie general form of the 
equation of a 2 )lane curve, by substituting in any pai-tieular case 
the known functions x=f(t)^ or .r=/''(y), we may 

avail ourselves of the Cartesian forms and aj^ply to the resulting 
function in p the reasoning of the Quaternion method. 

Por example, suppose o and ^ are unit vectors along the axis 
and directrix of a parabola, the origin being taken at the focus 
In this case we have the Cartesian relation 

f=.2px+f, (b) 

or, substituting in (a), 

as the vector equation of the parabola. 

Or, again, a and ^ being ahy given vectors parallel to a diam^ 
eter and tangent at its vertex, 

p = ta + tp (c) 

is the vector equation of a parabola, in terms of a single inde- 
pendent scalar t. 


62 . Let /(a?) be any scalar function as, for example, 


Then 


<^C/(®)]= 2 a:d» = [/'(»!) 3 i®. 


If, however, f{q) be a function of a quaternion q, as, for 
example, in the above case. 


then 


m=<f, 

f{q + iq) = {q+dqy=<f-{-qdq + dq . q + {dq)\ 
•'•^ifiq)'[ = qdq + dq,q, 
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which cannot, however, be written ^qdq, because of the non- 
commutative character of quaternion multiplication. We can- 
not, therefore, write, in general, 

«?[/(?)] 

or form, as usual, a differential coefficient. Since vector4 as 
well as quaternion, multii)lication is non-commutative, the same 
is true of the differentiation of a function of a vector. Thus , if 

/(p)=f»^ 

<^C/((3)]=p^p+dp.p, 

and in order to write d[/(/:>)]=:[/^(/>)]dp, it would be necessary 
to determine a vector o-, such that <ydp ==: dp ♦ p, or 

(r^dp • pdp"^, 

or, if e be the versor of dp, since the tensors cancel, 


(T = €p€“^ ; 

that is (Art. 56, 18), we must have p, c and <r complanar, or 
Tecr = Vp€. Since complanar quaternions are commutative, if q 
and dq are complanar, or if dg or dp is a scalar, this peculiaiitg" 
of quaternion and vector differentiation disappears* In this 
case, dq and dp being scalars, f(q) or /(p) are quaternion or 
vector functions of scalar variables, to which the ordinal^ rules 
of differentiation are applicable. In fact we have only to assume 
such a function, as 

p = x^ol "Ih -f- = tj> (i) , 

in which a\ a'^', are constants and the only variables are 

the scalar multipliers, to see that the vectors are 

to be treated as constants and the usual rules of differentiation 
applied to the scalar coefficients. 

Such equations, then, as those of the parabola, (h) and (o), 
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Art. Gl, in which a and j8 are given constant vectors, may be 
differentiated as usual. Thus, from 


we have 






P and p' being any two vectors to the curve, 

p'— p = Ap 

is the vector secant ; so that when p and p^ become consecutive, 
and the secant a tangent, 


dip = (fa -{- j5)c?£ 

is a vector along the tangent to the curve at the point corre- 
spending to L The vector to this point being + and a? 

an}’ variable scalar, we may write the equation of the tangent 
line at that point 

p = tcL + t^ + xita+li ) ; 

for any given point, x being the only scalai* variable. 


63 . It has been seen that the usual definition of differential 
coeflScients is inapplicable to quaternions in general, for this 
definition involves the c*ommutative property of maltiplication, 
■which is not, in general, true of quaternions, nor of the vectors 
to which they may degrade. It becomes neeessaiy, therefore, to 
give a definition of differentials which shall not involve this prop- 
erly, yet which shall also he true of quaternions which degrade 
to scalars, and therefore be equally applicable to ordinary scalar 
quantities. 

If p =/((^) , such a definition is involved in the formula 
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for, let/(( 7 , s, ) = 0 be an 3 ' relation between a system of 

quaternions g, r, 5, , and let A g, A r, A be finite and 

simultaneous differences, so that g+Ag, o' + Ar^s+As^ 

satisfy the relation /(g, r, s, ) = 0, Then in passing from the 

new system g + Ag, to the old system g, , the simul- 

taneous differences can all be made to approach zero together, 
since the}’ all vanish together. If, while these differences Ag, 
Ar, thus decrease indefinitely together, the}’ be all multi- 

plied b}’ the same increasing number, oi, the equimultiples wAg, 

nAr, may tend to finite limits, and these limits are defined 

to be the simultaneous differentials of the related quaternions g, 
r, s, 5 and are written dg, dr, d^, Simultaneous differ- 

entials are, therefore, the limits of equimultiples of simultaneous 
decreasing differences. If, then, in Ap=/(g-fAg) — /(g), 
while the finite differences Ajpj Ag be indefinitely decreased, they 
be multiplied by a number, ?i, ultimatelj' to be made infinity, 
so that 

jiAj) = n [/(2 + Aq) -/(g)], 

and we pass to the limit, writing dj) for nAjp, and dg for wAg, 
we have 



a formula for the differential of a single explicit fhnction of a 
single variable. 

ife=?(g, ), 

r+n-Hr,.....)-F(q, r, )] (1C8). 

In these formulae, dg, dr, ..... are any assumed vainables, no 
reference having been made to their magnitudes, and n any 
positive whole number conceived so as to tend to infinit}’. To 
show that these differentials need not be small, as also the ap- 
plication of the formula to the differentiation of onlinar}^ scalar 
quantities, let 
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then 

(2/ + A i/) = + A rc‘)S* 


i^’hence, as usual, 

A ?/ = 5.t A;l’4-(A x )", 
or, n being a positive whole number. 

nAy^ 2x/} Ao? A a?)-. 

If, now, the differences A y and A x tend together to zero, 
while ?i increases and tends to infinit}" in such a manner that 
'ii Ax tends to some finite limit, as a, we have, for the other 
equimultiple n Ay. 

)i Ay = 2£ra+ 

But, since a, and therefore a-, is finite, tends to zero, 
and. at the limit. nAy^^xa. Hence the limits of tlie equi- 
multiples nAx and nAy are respectively a and 2a?a, and 
dx^cLy dy=^2xa by definition; from winch 

dy^2xdx. 

For a vector function we should write 

and for a scalar function, p = <j»{t)^ 

= .#.(«)] - ( 170 ), 

in which latter t and dt are independent and arbitrary scalars. 

64. As a further illustration of the definition, let 


p=<t>(t) 
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be the equation of any plane curve in space, anrl op = jO (Fig. 04) 
a vector from the origin to a point p 
of the cun^e ; t being any arbitrary sea- 
lai’ representing time, for example ; so 
that its value, for any other point r' of 
the curve, represents the interval 
elapsed from any definite epoch to the 
time when the point generating the 
curve has reached p.' 

If p’ be the vector to pJ then 

p^— P = pp^= Ap 

is strictly the finite difference between p and p' and, if the corre- 
sponding change in t be At, 



PP' = (p4.Ap)-p = Ap=<^»(t + A0-^(0 = ^S^(O; 

where op'= -f A f) , and A t is the interval from p to p' 

In -I At, p would have reached some point as p^^ for which 
OP^'= + ^At), on the supposition that pp" is described in 

A f. On the basis of this closer approximation to the velocity 
at p, p w'ould have been found at j/', had this velocity remained 
unchanged, such that 

pp"= 2pp^'= 2(op" — op)= 2[<#)(t + ^A t) — 

For a closer approximation to the vector described in A t with 
the velocity at p, suppose at the end of A ^ the point is at p'”, 
for which op^'^= <f>{t + iAt). Under this supposition, the vec- 
tor described in A t would have been 

P2y"= 3 pp^"= 3 (op'"- op) = S[<t> (t + J A 0 - 

and, at the limit, representing the multiple of the diminishing 
chord by dp, 
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65 . Resuming Equation (167), 

dp = df{q) = n [/(^ + n-Hq) -/(g) ] , (a) , 

the second member may be written f{q^ dq ) , but not, as ordi- 
narily, f{q)aq. 

InfUh ^^6 composed of parts, as qi q'\ q"'^ , 

with reference to which /(g, dq)=f{qy g^+g"+ ) is distrib- 

utive. To prove this, let 

dg = g'+ g"; 

we are to prove that 

/(?> «f'+ q") =f{q, g') 4-/(g, g") . 

Since before passing to the limit, the second member of (a) 
is a function of ? 2 , g and cZg, we may express this function by 
the symbol /„(g, dg), and write 

/(g, dq) = n[/(g + n'Hq) -/(g)] =/»(g, dq ) , 
or 

/(g + n-'^dq) =/(g) + ?rV„(g, dq) . 

Replacing dq by g' and g" in saccession, we have 

/(g 4- »i'*g') =/(g) + »‘y,(g, g') , 

/(g + ir^ g") =/(g) + Y» (g, g") , 

and, following the same law of derivation, 

/(g+ »-^g"+«-*g')=/(g + n-ig") + n-y„(g + »-ig'', g'), 
/(g 4- »'*«'4- ?r^g'')=/(g) 4- n”’/«(g, g'4- g"), 

from which 

/.(?> 9 '+ g") =/n(g, g") 4-/.(g4- «"‘g", g') , 
the limiting form of which, for ^ = qo, is 

M^q'+q'')-f{q-,q")+f{q^q') • • (i7i). 
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which may, in like manner, be extended to the case of 
dq = q'+q"-[-q'"-\ . 

It follows from the above that, iSp=f{q. xdq), 

f{q,xdq)-xf{q,dq) .... (17^). 

If Q = F{q, r, ), whence, Equation (168), 

dQ = d[^(q, r )] 

= m = + + r, )], 

the last member will be a linear and homogeneous function of 

dg, dr, and distributive with reference to each of them. 

Hence, to differentiate such a function, we do so with reference 
to each factor, and take the sum of the results obtained, as usual ; 
taking care, however, not to make use of the commutative prop- 
erty . Thus d (gr) === dg . r + gdr, but not rdg + qdr, 

66 . When g is a function of any variable scalar i, represent- 
ing time, for example, then, if t be given a finite increment A f, 
for which the corresponding one of g is A g, we have 

A g = A -f A + A -i- A ; 

and, if the several parts of the quaternion vary continuously 
with the independent variable f, at the limit we may form, as 
usual, the differential coeflScient 

dt dt dt dr dt * 

The successive differential coeflScients, as also the partial ones, 

when g — v, ) , are derived from the quadrinomial form in 

the same manner. 
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67. Examples. 
1. To find dTg. 


dt 


cl's/ -i- ^ iT + 


dt 




Tq\_ dt 
J!q“ * dt 
dq 


= — > * : 5 r®- 9 ' — ® * (Zt Te 

"= * 'M U^Tg ~ ’ 


or 


dq 

dUq _s,<]L 
~di~ T:q' 


2. (Tp)® = — P®- 

Tlie first member being a scalar, we have 

2 Tpcrrp. 


From the 


Equating 


second member 

d(p®) « C (P + ri-^dpy — p®] 

:= limit pdp + clp . p + 

:= pdp 4" c7p • p = 2 Spdp. 

TpdTp = — Spdp. 


From this we may obtain 


dp ,► 

dTp = — S . Updp = 


or 


dTp_ gp 

Tp 


3. To find dJJq. "VVe have 

HqTJq — q ; 
dTq . Tq- + dUg . Tg = dq. 
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■whence 

cVIq.Vq . f?gg.T7 _feg 
TqVq TqHq q ’ 

or 

tUJq _ ^ _ f^Tg 
Ug q Tg ’ 

and, substituting from Ex. 2. 

dg_ 

Ug g g ’ 

. fnjg_Trdg 

■ ■ rg g ’ 

or 

£mg = T^ . Tig. 

4* From the above expressions for and dUg, we have 


(Iq = dig . TJg 4- TgclF g 

= (s| + t|)9 


as the form under which the diflFerential of a quaternion may 
always be written. 


5. To find dJJp. We have, from p = TpUp, 

d/o = dTp . Up + TpciUp,^ ^ 

dp dTp I dUp 

p ” Tp Up 

from Ex. 2 

P Ifp 
or 

<^P_4» gi^_ ■P _ Tp<^p _ etc. 

Tip p p p p* (Tp)* 



whence, also, 
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6. Frem the above expressions fo^ c?Tp and cTUpj 

T f dpp 
(Tp)= ■ 


^ ^ ; 1 i -I ‘ ^ 

■ dp = dTp.tp + p- 


7. That S, T and K ai-e commutative with d is seen from the 
following: 

g — Sg -f-Tg, 

whence , ^ 

dg = dSq + dyq, (a) 

and, since dg is a quaternion, 

dg = ^lq + ydq, (&) 

hence 

dSq = Sdq and d\q = ldq. (o) 

Again 

■Kq=Sq-yq, 

whence 

dUq = dSq — dlq, 

and, taking the conjugate of dq in either (&) or (a) , we have, 
with or without (c) , 

dKg = Kdg. 


8 . {Tq)^ = qKq. 

2 TgiTg = w [(g + n-^dq) (Kg + ir^dKg) - gKg] ' 

= limit [dg (Kg + w* Kdg) + qEd^] 

, ^ =dg . Kg + gKdg 
, ' = K . gKdg + gKdg 

= 2 S . gKdg = 2 S . Kgdg, [Equation (80)] 


or, since Tg = TKg and TJKg = ui = :i, 

dTg = S . U^dg = S . Ug-‘dg, 


If g = a vector, as p, then, since Kp = — p, this becomes 
dip = — S . Vpdp, 
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9 . = 

dr=^lnl(q+n-^^qy—f] 

= limit [r^dq +dq * q + n^^(dqf] 
^qdq + dq ‘ . 

. ■ . dfr = 2 Sqdq -f 2 Sqldq + 2 SdqYq^ 

If g = a vector, as p, then = 0, Sdq = 0, and 

d(p-)=:2Spdp 

as in Ex. 2. 

10. r = -n/^. Then g=:r^, and, as before, 

= rdr + dr . r. 

Operating with rx and X Kr, in succession. 

rdq = 7^ch* + Tdr • r, 
dg . Kr = rdr . Kr + dr . tKt 
= rdr . Kr + (Tr)®dr, 

or, adding, 

rdq + dg . Kr = [r® + (Tr)®]dr + rdr (r + Kr) 
= [r® -f“(Tr)^ + 2 Sr . rjdr, 

which gives dr = dVg in terms of dg. 

1 1 . gg"^ = 1 . We have 

gd(g“^) + dg . g*i = 0. 

Operating with g"^ X 

g”^gd(g-^) + g“Mg . g‘^ = 0, 
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If g = a vector, as p, 


a- = --dp- 
P P P 

--idpi+ldp-- -dp 
P p P' P P 

P P 

= f^_2S^V = -K^*-' 

vp py/> p p 


12 . Differentiate SlJg. 


c?SU 5 = ScZUs = S . vf ¥9 ^ [Exs. 7 and 3 .] 
(lg_ ^ 

= S . 

_ e ^TJToTTUg • - 

-R.. g 

__s . -^TTU?. •' 
gVYq 


13. Differentiate TUg. 

dTVq =:y.dUq=T.yjVg [Exs. 7 and 3.] 
= Y.Vq-^T(dq . q'^). 

14, Differentiate TYUg. 




[Ex. 2.] 
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The Right Line. 

As in Cartesian coordinates, the form of the equations of a 
right line, as of other loci, will depend upon the assumed con- 
stants, and in an}' given problem one fom may be more con- 
veniently used than another. 


68. Bight line through the origin. 

If o be the initial point, or origin., and p = or a variable vec- 
tor in the prolongation of a = oa, then 

p = Xa (1"^^) 


is the equation of a right line through the origin in the direction 
of the constant vector a. 

The equations 


rp = ra| 
Tap = 0 ) 


(174) 


obviously refer to the same right line. 

Since any line, represented as a vector by a, is parallel to 
p sssxa, we may say that the above equations are those of a right 
line through the origin parallel to a given line ; or, a being a 
point given by a = OA, they are the equations of a right line 
through the origin and a given point. 


69. Parallel lines. 

If jS = OB be a constant vector to a given point b, then 

p:=p+xa (iTo) 

is the equation of a right line through a given point, and parallel 
to a given line, SiS p'=xa through the origin. Or, « being a given 
vector, it is the equation of a right line through a given point 
and having a given direction. If <tis an undetermined vector, 
it becomes the general equation of any one of the infinite num- 
ber of right lines which may be drawn through a given point. If 
0 and B coincide, j3 = 0, and, an before. □ = ara. 
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a remaining the same, and = ob^ being a vector to an 5 " other 
point bJ for the equations of two parallels, we have 


p ^ x^a ) 


. , (176), 


or, since a and p — /J are parallel, 

Ta(p^^) = 0) 
TaCp-ySO-O) 


(1*7), 


70. Right line through two given points. 

If OAssa (Fig. 65), OB = ^ are the vectors to the given 
points, and p the %'ariable vector to any 
point R of the line whose equation is re- 


Fig. 65 



and 


AR = a'AB = x{p — a), 

OR = OA + AR, 
or, for the required equation, 

p = aH-a?(/?-a) . (178), 


which, if one of the points, as a, coincides with the origin, 
becomes p = a;/?, as before. 

We have seen, Art. 55, that if SajSy = D, a, ^8 and y are corn- 
planar. Replacing y by the variable vector p, 


Sa^p = 0 


(179) 


is t7ie eqmtion of a pZaae, since it expresses the condition that p 
is complanar with a and j8. If we have also Sayp =: 0, the two 
equations, taken together, represent the line of intersection of 
these two planes. 

These equations may be obtained from the line p^zahj ope- 
rating with S(Vaj9) X and S(Tay)x ; or, conversely, to find the 
equation of the line in terms of known quantities, having given 


Sct^p =5s 0, Sayp = 0, 
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write these latter under the form 

S » joVajS = 0, S • pYay = 0, 

whence it appears that p is perpendicular to both Ya^ and Tay, 
and is consequently parallel to the axis of their product; 
therefore 

p = yY m Ta/3Vay 

= y(ySa^<x-aSaj8y) [Eq. (112)] 

= — yaSa^y, 


or, putting — ySajSy = x. 


p=:Xa, 


7L Right line perpendicular to a given line. 

1. Let 8 = on (Fig- 66) be a vector through the origin. To 
find the equation of dc through its extremity yig. ee, 
and perpendicular to it. Now p — Sisa d b c 
vector along i>r, and therefore by condition 

SS(p-S)^0. 


Whence SSp = -(T8)% or 

SSp = Cf a coTistant 



( 180 ), 


In order that p, p — 8 and 8 be complanar, we must have 

S ♦ Sp(p — S) = 0, 
or 

S.(y8p)(p-8)^0. 

2. p — S, being perpendicular to both 8 and TSp, will be 
parallel to the axis of their product, or to T . 8T8p. Henoe, if 
y = oc be a vector to any point C 1 ^ in the plane of on and nn, the 
equation of a right line through a given point o, perpendicular to 
a given line on, will be 


p c= y -f- xY « 8TSy 


( 181 ). 



148 


QTTATEEXIONS. 


3. If the perpendicular is to pass through the origin, then, 
from Equation (180), 


SSp = 0 


(182), 


or, ill another form, from Equation 

T , my, 

p = ^Y.SYSy 


(181), y being parallel to 
(1S3). 


4. The student will find it useful to translate, the Quaternion 
into the Cartesian forms. Thus, from Equation (180) , if bod— 0, 


S3p = -TST/)C0se, 

whence, if r and c? represent the tensors, 

rc? cos ^ or r = — 

cosd 

the polar equation of a right line. 

6. Equation (181), of a line through a given pjoint and per- 
pendicular to a given line through the origin, may be otherwise 
obtained, as follows : 

Let y and S, as before, be vectors to the point and along tlie 
given line, respectively, and /5 a vector along the required per- 
pendicular, whose equation will then be 

p = y + x^. (a) 

To eliminate ^ we have the conditions 

SS/3 = 0, 

since S and /3 are perpendicular to each other, and 

SyS^ = 0, 

since y, S and ^ are complanar. But T3y is peipendieular to this 
plane, and therefore T • SVSy is parallel to jS ; hence, substitut- 
ing in (a), 

p = y + xY • SVSy, 

or simply 

p SIS y -f- asSVSy. 
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If SyS^ ^ 0 , y, S and /3 are not complanar, and the j)roblem is 
indeterminate ; which also appears from (a ) , by operating with 
X S . 83 whence, since S/3S = 0, 

SpS = Sy8, 

a result which is independent of / 3 , and an infinite number of 
lines satisfy the condition. 

6 . If the line to which the perpendicular is drawn does not 
pass through the origin, let 

p = ^ "h (a) 

be its equation. Then, if p he the vector to the foot of the i 3 er- 
pendicnlar, we have Sa(p — y) = 0, or 

Sa.(a:a + ^ — y) = 05 (l^) 

because the line is perpendicular to (a ) , or its parallel a. Hence, 
from (b ) , 

flja == a ^Sa(y — jS), 
or, fbr the perpendicular p — y, 

p-*y=ra3a-h/3 — y=: Sa(y — jS) ■— ar^a{y — 

Its length is evidently’ 

TT[Ua.(y-/?)] (184). 

7. This perpendicular is the shortest distance from the point 
to the line. The problem may, therefore, be stated thus : to 
find the shortest distance from c to the line p = xa+j3. p being 
the vector from c to any point of the given line, this vector is 

/3 4- iCa — y, 

and, in order that its length be a minimum, 

ceT(/5 + aJa-y )==0 
= T(jS + OJa — y)dT(/S + a:a — y) 

= — S[(j8 4-a?a — y)a]da5 5=05 
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or 

S(/? + a;a — y)a = 0, 

that is, the line must be perpendicular to p = a3a + /3- 

8. If the perpendicular distance from the origin to p=i (i + xa. 
is required, p, being as before the rector to the foot of the per- 
pendicular, coincides with it ; hence, y being zero, and S repre- 
senting this value of p, 

S = era -f 

Operating with X S . 8, since Sa8 = 0, 

^ -(T8)2 = SiSS. . 

Hence 

TS T8 ’ 
or 

T8=S./31IS (185). 

72 . We are to observe that the foregoing equations of a right 
line are, as remarked in Art- 60, all linear functions involving, 
esplicitly or implicitly, a single real and Independent variable 
scalar. Such is evidently the case for such equations as 

p = ica, [Eq. (173)] 

p^JB+xa, [Eq. (175)] 

p = a + x{(3 — a), [Eq. (178)] 

So also for the implicit forms, as Yap = 0 [Eq. (174)] ; em- 
ploying the trinomial forms 

a^ai + bj+ dk^ 
p^zi + yj+zk^ 

we have 

ap = (52f — <^)» + (ca; — m)j + {ay — l)z)k — + + 

Whence 

Tap = (5^5 — c^/) i -f- (cfl3 — a 2 f)y -{-(ay — 5aj)& = 0; 

,\hz=icy^ cx—az^ ay—hx^ 

in whidh x and y are functions of 
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The Plane. 

73. Equation of a plane, 

1. If, in the equation S . 0, which denotes that ^ is per- 


pendicular to S, we replace ^ by the variable vector p, 

S.ap = 0 (186) 

is the equation of a plane through the origin perpendicular to 6. 
2. Or, let S = OD (Fig. 66) be the vector- rig. m ihu). 


perpendicular on the plane, and dr any line _d r c 

of the plane. / 

Then /X 

S8(p-S) = 0, 

S8p = 82 = ~(TS)^ Y 

or o 

S8p = c, a eonstant • . (187) 

is the general equation of a plane perpendicular to 8. Here dr 
is any line of the plane ; and, if T8p = €, 

Sep = a?^ ^ndeiem^na^e qiianiiJy . . . (188). 

If the plane pass through the origin, we have, as before, 
S8p = 0. Conversely, if SSp = c is the equation of a plane, 8 is a 
vector perpendicular to the plane. 

8. The equation of a plane through the origin perpendicular 
to 8 may also be written in terms of any two of its vectors, as 
y and /8 ; 

Both of these indeterminate vectors may be eliminated by 
operating with S . 8 x , whence 


as before ; or one may be eliminated by operating with T • j8 x , 
whence 
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fi:om which we may again derive SS/>=0 hy operating with 
T . 8 X ; for 

y . 8T/3p = T^:S- = 0 

= /5S3^-/?S8j?, [Eq. (Ill)] 

whence, since S3/? = 0* SSp = 0. 

4. The equation of a j^lane through a point b, for which 
OB = /S, and perjDendicular to S, is 

SS(p-/8)=:0 (189). 

5. Having the equation of a plane, S8p = c, to find its dis- 
tance from the origin, or the length of p when it coincides with 
S, we have p=xS; hence 


S8p=:c — SojS®— icS^, 
or 

which, in p = a;8, gives 

or 


74 . To find the equation of a plane through the origin^ making 
equal angles with three given lines. 

Let a, /3, y he unit vectors along the lines. The equation of 
the plane will be of the form 

SSp = 0. 



Tp=^s a»o). 


By condition, SaS = S^S = SyS = TSsin<^=;r, 
common angle made by the lines with the plane. 
Hence 



(h being ^ the 



APPLICATIONS TO LOCL 


153 


To eliminate 8, we have, from Equation (118), 

8Sa/5y = Ya^Sy8 + T^SySaS + TyaS^S, 
and, by condition, 

SSaySy = x(Yafi Y/3y + Yya) . 

The vector represented by the parenthesis is, then, the per- 
pendicular on the plane, whose equation, therefore, is 


S/D(Ya/3 -f- YjSy -h Yya) = 0 . 


(191), 


and the sine of the angle ^ is 


T(Ya/3+Y^y-f-Yya) g 


75. Equation of a plane tJirotigli three g wen points. 

Let a, /S, y be vectors to the given points ; then are the lines 
joining these points, as (a — ^), — y), lines of the plane. If 

p is the variable vector to any point of the plane, /> — a is also a 
line of the plane. Hence 

S(p - a) (a — -y) = 0, 
or 

S (pa^ — pay — p/S" + p/Sy — -4- ay + a/?® — a^y) = 0. 

But 

S(-p/32) = o, 8(-o?/3) = 0, etc., 

S( — pay) = Spya — S . pYya, 

Spa^ = S • pYajS, etc., 

hence 

S./>(Ta/3 + T;8y + Tya)-Sa/Sy=0 . . (192), 

whioli, by making the vector-parentbesis = S, may be ■written 
under the form 


Sp8-Sa)8y=0, 



164 


QUATERNIONS, 


in irhich 8 is along the peq^endioular from the origin on the 
plane. When p coincides with this perpendicular, and, 

from the above equation, 

X?r = Sa^y, 


or, for the vector-perpendicular, 


p = a?S = 8"^Sa^y = 


Sa/8y 

Ya^ + V^y ■+’ "^yct 


76 . We observe again, from inspection of the equations of a 
plane, that, as remarked in Art, 60, they are linear and func- 
tions of two indeterminate scalars. Thus, for a plane through 
the origin 

SSp=0, [Eq. (18^)] 

employing the trinomial forms B=^ai+bj+ck and p=^xi+yj+z7c, 
we obtain 

Sp = — ct/) i + (cx-- az)j 4* — bx) k — {ax + by + cz)^ 

the last term of which is the scalar part ; hence 

OiT -f- -J- 03 s= 0, 

the equation of a plane through the ori^n o, perpendicular to a 
line from o to (a, b^ c ) , which may be written f(x, ?/, 2 ) = 0 ; 
or as a function of two indeterminates, ' In the same way, from 
an inspection of the other forms, 

p = xa + yl3j [Art. 73, 3] 

p = S -h 

S8p — = — c^ = 0, [Eq. (187)] 

we observe they are linear functions of two indeterminate scalars. 


77. Exercises and Problems on the Eight Line and 
Plane. 

1- P and y being vectors along two given lines mliicli intersect 
at the poiTit a, to which the vector is ox = a, to write the equation 
of a line perpendicular to each of the two given lines at their 
intersection. 
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V^y is a \'ector in the direction of the required line, whose 
equation, therefore, is 

p = a+a;V/8y (193). 

If a' = oa' be a Teetor to any other point, as aJ then is 
p = a' + ajTjSy 

the equation of a line through a given point perpendicular to a 
given plane-; the latter being given by two of its lines. 

2. a cmd j8 being vectors to tioo given pom^s, a ajid b, and 
SSp = c the equation of a given plane^ to find the equation of a 
plane through a and b perpendicular to the given ])lane* 

S, p — g and a“-y8 are lines of the required plane, hence 

S(p — a) (a — |d)S = 0, 
or 

Sp(a-j8)8 + Sa/?S=:0 (194) 

is the required equation. 

3 . oc = y being a vector to a given point c, and p = a4-£C;ff, 
p = a^4. the equations of tivo given lines^ to zorite the equation 
of a plane through c parallel to the tico given lines. 

If lines be drawn through the given point parallel to the given 
lines, they will lie in the required plane. As vectors, ^ and /S' 
are such lines, and p — 7 is also a line of the plane. Hence 

’^S/?/8'(p-y)=0 (195) 

is the required equation. If y= a, or a', it is the equation of a 
plane through one line parallel to the other. Or, if y is inde- 
tenninate, it is the general equation of a plane parallel to two 
given lines. 

Otherwise : the equation of a plane through the extremity of 
y parallel to two given lines, whose directions are given by 
a and is evidently p = y+soa + yl 3 . 

4 . To find the distance between two points, 

a and j8 being vectors to the points, 

y = /J — a. 

c® = -f a- — 2 ab cosc. 


Squaring 
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5. A plcoie being given by two of its lines, fi and y, to ivrite 
the equation of a right line through a. perpendicular to the plane. 
Let OA = a. Draw two lines through a i)arallel to jS and y. 


Then 

p = a + AT/?y (19C). 

If the plane is given h}’ the equation SSp = c, then 

p = a + (197), 


6. Find the length of the perpendicxdar from a to the plane, 
in the preceding example. 

Operating on Equation (197) with S . 5 x 

= SSa + = c, 

or 

= 8 -'(c-S&i) (198). 

7. S 8 (p — /3) = 05 Equation (189), being the equation of a 
plane through b perpendicular to S, to find the distance from a 
point c to the plane. 

Lety = oc. The perpendicular on the plane from c, being 
parallel to 5, will have for its equation 

p — y + x%. 

To find X, operate with S . S x , whence 
S 8 p = SSy + xW, 

or, from the equation of the plane, 

S 87 + ccS* = S 8 / 8 ; 
arS=r-8-'SS(y-/?), 
and 

XTB = TS'^SS(y - i^) = S [US • (y - ^)] . 

8. Write the equation of a plane through the parallels 

p = a + 

p =z a'+ x^. 
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9. Write the equation of a plane through the line 

p = a 

perpendicular to the plane 

SSp = 0. 

10. Given the direction of a vector-perpendicular to a plane^ 
to find its length so that the plane may meet three given planes in 
a point. 

Let S Ibe the given vector-perpendicular, and 
Sap = a, SjSp = Syp = c 

the equations of the given planes. If the equation of the plane 
be written 

SSp = a?, 

then X must have such a value that one value of p shall satisfy 
the equations of all four of the planes. From Equation (118) 
we have 

pSajSy = VajSSyp + V^SySap + TyaS^p 
= cYa)Q aV^y + bVya. 

Operating with S . 8 x , to introduce £c, 

aiSaySy = cSSajS -f- aSSjSy + &SSya. 

11. To find the shoiiiest distance between two given right lines. 
Let the lines be given by the equations 

p = a-i-x^, (a) 

{b) 

The equation of a plane through either line, as (6) , parallel to 
the other (a), is [Equation (195)] 

S/?/J'(p-a0 = O. (c) 

is a vector-perpendicular to this plane. Hence, if 
be the shortest vector distance between the lines, we have, since 
a — a'— is a vector complanar witli ^ and 

WCa-a^-2/W) = 0, 
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or 

S(S;8/3^ -h Tm (a « a' - yj^ =: 0, 

wlience 

- 2/( W)= + S [Ti8/3'(“ - <^')] = 0 ; 

or, dividing by T(T/3/3'), 

T(yW)=TS[(a-a')U(W)]. . • (199), 

the sjTubol T denoting that only the positive numerical value of 
the scalar is taken. 

Otherwise : since the distance is to be a minimum, 

dT(p'-p)=0, 

p)(^W-iS^x) = 0, 
or 

S(p'-p)/5=0 and S(p'-p)/S' = 0, 

or the shortest distance is their common perpendicular, whose 
leiagth may he found as above. 

12 . Given SS^p = di and 880 ^== the equations of tiuo planes, 
to find the equation of their line of intersection. 

This equation will be of the form 

p = m8i -h nSs -h osYBi (a) 

To find m and n, we have, from (a) , 

SSip=:mSi^ + nS^S2j 

8S2P = TiSs^ + wSSiSg, 

from which we obtain 

_ S 81 P — _ SSip — , 

V “ S8iSs ’ 

SSiSjSSip - S,*88,p 

” (8W-S,%^ ■ 
(SW‘-S^%^=(rW; 

. _ di8Si8j — djSi* 

' (TW ' 


But 
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And similarly 

__ ^88182 “ diSg® 

(JW ' 

Substituting these values in (a) 


P = 




(yw 


Si + aiYSiSa, 


which is the equation of the required line, a less useful form than 
those of the two simple conditions of Art. 70 . 

If the two planes pass through the origin, then also does their 
line of intersection ; and since eveiy line in one plane is peri>en- 
dicular to 8i, and every line in the other to 82, 78185 is a line 
along the intersection, as in (a) , and the equation becomes 

. p = i!5YSiS2 (200). 


13 . Tlie planes being given as in Equation ( 189 ), 

SS(p-^) = 0 , (a) 

S8'(p-^') = 0 , (6) 

to find the line of intersedlon. 


The vector p to anj point of the line must satisfy both (a) 
and (&). This vector may be decomposed into three vectors 
parallel to 8, 8' and T88' which are given, and not eomplanar, 
by Equation ( 118 ) ; whence 

pS . 88^88' = Sp8T(8' . TS8') + Sp8'T(T88' . 8) + S(pT88')T8S', 


or, fiom (a) and (6) , 

-p(TTS8')® = S8jST(8' . T88') + S8'j8'T(T88' . 8) + S8S'pT88', 

or, since SS8'p is the only indeterminate scalar, putting it equal 
to as, we have 


- p(rT88')‘ = S 8 i 3 V( 8 ' . TS8') + SS'/S^CTSS' . 8) + a:T88: 

If the planes pass through the origin, in which case )8 and 
are zero, we have, as before, 

p = a;TS8; 
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14* To ivrite the equation of a jilcine through the origin and 
the line of intersection of 

S3(p--/3) = 0, (a) 

SS‘(p-/S')-0. (6) 

If p is such that S3p = S3/1, and also SS^p = then both the 
above equations will be satisfied. Hence, from (a) and (b) 

S3pS3')3'-SS/3SS'p = 0, 


which is also a plane through the origin. This equation msiy 
also be written 

S[(SS3'/3'-S^S3yS)p] = 0, 

which shows that 

SSS'/3~S'SS^ 

IS a vector-perpendicular to the plane, and thei’efore to the line 
of intersection of (a) and (6) . 

la. To find the equation of condition that four points lie in 
a plane. 

If the vectors to the four points be a, y, 8, then, to meet 
the condition, 

8 — a, 8-/8, 8 — y 

must be complanar, and therefore 

S(8-a)(8-i8)(8-y)=0, 

whence 

S8j8y -t- Sa8y + Sa/SS = Saj8y * t • (201) , 

which is the equation of condition. 

Or, X and y being indeterminate, we have also 

8 = a + a; (^ — a) + y (r - )8 ) , 
or 

8 + (:r — l)a-f (^ — a3)/?-^y = 0, 
and 

1 + (a: - 1 ) -f- (y - a?) - y = 0 , 
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Or, in general, 

aa + + c-y + rZ3 = 0 ) 


. ( 202 ), 


are the sufficient conditions of complanai-ity. 

These conditions are analogous to Equation (9). 


16. Given the three planes of a triedral, to find the equations 
of planes through the edges pespendhndar to the opposite faees, 
and to show tluxt they intersect in a right line. 

Taking the vertex as the initial point, let 

Sap = 0, (a) 

S;8p = 0, (6) 

Syp = 0 (c) 


be the equations of the plane faces. Then Ta^ is a vector par- 
allel to the intersection of (a) and (5), and T . yVa/S is a vector 
perpendicular to the required plane through their common edge. 
Hence the equation of this plane is 

S(pT.yYai3) = 0. (u') 

Similarly, or by a cyclic change of vectors, 

S(pT.aVj8y) = 0, (V) 

S(pT./3Yya)=0 (o') 

are the equations of the other two planes. 

If firom their common point of intersection normals are dravna 
to the planes, then are Y . yYo)3, V . a-Yfiy and Y . /3Vyo vector 
lines parallel to them ; but. Equation (123), 

Y(yYaj8 + oYfiy + jSYya) = 0. 

Hence these vectors are complanar, and the planes therefore 
intersect in a right line. 

Otherwise: from Equation (HI) 


Y(aYjSy) = ySa|8-/9Say; 



162 


QUATEElijriONS. 


hence, from {V). 

S(pySa/S — pjSSciy) = Sa/SSpy — SayBpB = 0. 

Similarly, or hy cyclic permutation, 

8/SySpa — S/8aSpy = 0. 

SyaSp/? — Sy^Spa == 0. 

But tlie sum of these three equations is identicallj' zero, either 
two giving the third by subtraction or addition. 


17. To find the locus of a point ivhich dimdes all right lines 
terffiinating in tivo given lines into segments tcJiich ham a com- 
mon ratio. 


Fig 67. Let DA and d^b (Fig. 67) be the two 

given lines, a and jff unit vectors parallel 
to them, BA any line tenninating in the 
given lines, and r a point sxich that 
RA = mBR. Assume dd^ a perpendicular 
to both the given lines, o, its middle 
point, as the origin, and od = S. od' = — 8, or = p. 

Then 


3 


1 

' 1 


— 


Adding 

But 


OA == p 4- RA = 8 -f Xa. 

OB = p + RB = — 8 + gB- 

2p + RA + RB = £Ca 


(a) 


RA + KB = ^RA = ^ — p + 8 -f- oca) , 

m m ^ 


which substituted in (a) gives 

l>~S~xassm(y^ — p — S), (b) 

whence, since S8yJ = SSa = 0, , 

SSp(m + 1) = S®(1 — m)=ic, 
or the loans is a plane perpendiaUar to dd'. 
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If the given ratio is unity, or br = ra, then m = 1 and 

S8p=0, 

and the locus is a plane through o perpendicular to dp'. 

If a and /3 are pai'allel, then (&) becomes 

p — S = m — p — S) , 

whence 

SSp(m + l) = (l-m)8S 

a right line perpendicular to dd*?' If at the same time m = 1, 

SSp = 0 and p = 

a right line through the origin parallel to the given lines. 

18. If the sums of the perpendic^tlars from two given points on 
two given planes are equals the sum of the perpendiculars from 
any point of the line joining them is the same. 

Let A and b be the given points, oa = a, ob « /?, and SSp=5d, 
S8^p = d' be the equations of the planes ; 8 and 8' being unit 
vectors, so that xS and j/8' are the vector-perpendiculars from a 
on the planes. Then 

X = Sa8 — d, 
y = Sa8'- d; 

and 

® ^ “ Sci(8 -|- 8^) — (d + d^) . 

>Similarly 

x'+ SjS(8 + S') - (d + d'). 

But, by condition, 

Sa(8 + S0 = S/3(8 + S'), 
or 

S(iff-a)(8 + 80 = O. (a) 

The vector from o to any other point of the line ab is 
a + si(/3 — a); whence, for this point, 

a;" + 2/" = S [a + 2 (jS - a)] (8 + 8') - (d + d') , 

for which point, since (a) remains true, the sum therefore is 
unchanged. 
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19. To find the locus of the middle points of the elements of an 
liyperholic x>araholoid. 

Let the equations of the plane director and rectilinear direc- 
trices be 

SSp = 0, 

ps= a-{- x/3 and p = a' -|- x'/Si 

Also, let 031 =: p be the vector to the middle point of an ele- 
ment so chosen that the vectors to the extremities are a + cr/? 
and -j- x'p*. Then, since m is the middle point, 

2p = a -h a?/? -f a' H- («) 

The vector element is 

-Oj'yS' — a'-f a-f 

and, being parallel to the plane director, 

SS(-a^ + a+«^-a?'/3^)==0. 

This is a scalar equation between known quantities from which- 
we maj find x* in terms of x ; substituting this value in (a) , we 
have an equation of the form 

p = ai -h 

or the locus is a right line. 

20 . If^ from any three joomts on the line of interseetion of two 
planes^ lines be drawn^ one in each plane, the triangles formed 
by their inte7'sections are sections of the same pyramid. 

The Circle and Sphere. 

78. Equations of the circle. 

The equation of the circle may be written under various 
forms. If a and ^ are ^'eetor-radii at right angles to each other, 
and Ta =5 we may write 

p = cos^ . a 4 - sin^ . .... (203^ 

in terms of a single variable scalar 6. 
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If a and /8 are unit vectors along the radii, 
p = a!o + y/3, 

or, since a? + y^= }■*, 

p = (f-f)ha + y^ .... (204) 
The initial point being at the center, 

Tp = Ta ■) 

T^=l I (205) 

a 

are evidently all equations of the circle. 

If o (Fig. 68) be an}’ initial point, c the center, to which the 


vector oc = y, p the variable vector to ^ 

any point p, cp = a, then p 

p-y = a, X 

whence f / v \ 

(p-yy=-,^. .(206), U \ 

the vector equation of the circle whose J 

radius is r. 

If Ty = c, it may be put under the form q ^ ^ 

p2.-2Spy-=c2-7^ (207). 

If the initial point is on the circumference, we stiU have 
(p — y)^ = — ; but y® = — ?'2, hence 

p2-2Spy = 0 (208), 

or, since in this case Spy = Spa, 

p"~2Spa=0 (209). 

79. Equations of the sphere. 


This surface may be conveniently treated of in connection 
with the circle ; for, since nothing in the previous article restricts 
the lines to one plane, the equations there deduced for the circle 
are also applicable to the sphere. 
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Another convenient form of the equation of a sphere is 
(Fig. 68) 

T(p»-y) = Ta (210), 

the center being at the extremity of y and Ta the radius. 

80 . Tangent line and plane. 

A vector along the tangent being dp, we have, from Equation 
(203) 5 

i ^ clp^^ sin^ *. a cos^ • 

and for the tangent line tt = p + xdp^ 

7r:=5cos0 » a + sin^ • ^ + a;[— sind . a + cos^ . /3] (211), 

where tt is any vector to the tangent line at the point corre- 
sponding to 

From the above we have directly 
Spdp = 0, 


or the tangent is perpendicular to the radius vector drawn to the 
point of tangency. 


Kg. 69. 


p 



By means of this properly we may 
B write the equation of the tangent as 
follows : let tt be the vector to any point 
of the tangent, as b (Fig. 69), c being 
the initial point and p the vector to p, 
the point of tangency. Then 

Sp(7r-~p)=0, 


whence 


SpTT = — 7*® 


or 



( 212 ), 


are the equations of a tangent. Since nothing restricts the line 
to one plane, they are also the equations of the tangent plane to 
a sphere. 
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The above Tvell-knovrn propert}” may also be obtained l^y 
dilferentiatiiig Tp= Ta ; whence. Art, 67, 2, 

Spc?p = 0, 

and therefore p is perpendicular to the tangent line or plane, 
fflL Chords of contact. 

In Fig. 69 let cb = /? be the vector to a given point. The 
equation of the tangent bp must be satisfied for this point; 
hence, from Equation 212, 


S/3p = -)^, 

or 

= (213), 

which is equally true of the otber point of tangency p,' and being 
the equation of a right line, it is that of the chord of contact ffI 
And for the reason previously given,, it is also the equation of 
the plane of the circle of contact of the tangent cone to the 
sphere, the vertex of the cone being at b. 

" 82. Exercises and Problems on the Circle and the 
Sphere. 

In the following problems the various equations of the plane, 
line, circle and sphere are employed to familiarize the student 
with their use- Other equations than those selected in any 
special problem might have been used, leading sometimes more 
directly to the desired result. It will be found a tiseful exercise 
to assume forms other than tiiiose chosen, as also to transform 
the equations themselves and interpret the results. Thus, for 
example, the equation of the circle (209), 

p^ — 2 Spa = 0 

may be transformed into 

Sp(p — 2a)=0, 
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wMcIx gives immediately (Fig. 70) the property of the circle, 
that the angle inscribed in a semi-circle is 
a right angle. Obviously, this includes the 
case of chords cliwn from any point in a 
sphere to the exti*emities of a diameter, and 
the above equation is a statement of the pro])- 
osition that, p being a variable vector, tlie 
locus of the vertex of a right angle, Trhose 
sides pass through the extremities of a and 
— a, is a sphere. 

Again, vrith the origin at the center, we have (Fig. 71 ) , 

(p+a) + («— p)=2a, 

and, operating with x S . (p — a), 

S(p -h a) (p — a) = 0 ; 

p is a light angle. This also follows from 
Tp = Ta, whence p® = o? and S (p + a) (p— a) = 0 . 
Again, from Tp = Ta, ^ 

T(p -i-a) (p — a)= 2 JTap. 

The first member is the rectangle of the chords pd, pd' (Fig. 71), 
and the second member is 

2aD .OP sinnop. 

Hence the rectangle on tlie chords drawn from any point of a 
circle to the extremities of a diameter is four times the area of 
a tiiangle whose sides are p and a. 

Also, from Tp = Ta, 

and for an}' other point 

8(p'+p)(p'-p) = 0. 

But p'—p is a vector along the secant, and p'+/» is a vector 
along the angle-bisector ; now when the secant becomes a tan- 


ng. 71 . 


D 
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gent, the angle-bisector becomes the radius ; therefore the radius 
to the point of contact is perpendicular to the tangent. 

1. Tlie angle at the center of a circle is double that at the cir* 
oumference standing on the same arc. 


We have 


Tp = Ta, 

and therefore, Ait. 56, IS, 


p = (p4-a)“^a(p+a), 
whence the proposition, 

2. In any circle y the square of the tangent equals the 2 >roduct 
of the secant and its external segment, 

_ In Fig. 69 we have 


Pig. 69 (Ms). 


or 


CB = CP + PB, 
CB-= CP^H- PB®, 

PB®= CB®— CP® 
= CB®— CD®, 
« ^ = BI) • BB'. 


3, The right line joining the points of intersection of tico circles 
is perpendicular to the line joining their centers. 

Let (Fig, 72) cc' = a, CP = p, cp' = p\ and r, r’ be the radii 
of the circles . Then 



also 

Hence 


or 


Fig. 72 



hence pf^ and cc^ are at right angles. 
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4. A. chord is draicii parallel to the diameter of a circle j the 
radii to the extremities of the chord mcike equal angles with the 
diameter. 

K p and p' te the vector-radii, 2 a the vector-diameter, then 
-Bars the vector-chord, and 

(p'-a:a)^ = -*^ 

(p+ xa)’^ = — r®, 

whence the proposition. 

5. IfxBO is a triangle inscribed in a circle, show that the vector 
of the product of the three sides in orckr is parallel to the tangent 
at the initial point. [Compare Art. 55.] 

If AB = j3, CA = y, and o is the center of the circle, then 

— T(ab . BC . ca) = V . 

= iSV + /^- 

0 and B being points of the circumference satisfying 
p® — 2Spa = 0 [Eq. (209)], substituting and operating with 
S . aX / . : ' ; ■ 

S • aT (ab • BC • Ca) = 2Sa/?Say — 2 Sa/3Say = 0. '* 

Hence T(ab . bc . ca) is ijerpendicolar to a, or parallel to the 
tangent at a* 

6. Tim sum of the squares of the lines from my point on a 
diameter of a circle to the extremities of a 2 )arallel chord is equal 
to the $im of the squares of the segments of the diameter. 

Let (Fig. 73) be the chord parallel to the diameter ddJ 
Fig. 73 , 0 the given point, and o the center of the 

0 circle. Let cp = p, cp' = p! oc = a, op = jS 
and op^ = /3' Then 

op2 = -^2^-(a2 4-2Sap+p^), 

0P^^ = -^^'2^-(a2 4-2Sap'+p'®) ; 

op^ + OF'^==2oc^+2DC®“-2(Sap+Sap^). 
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But 

Therefore 

and 


S(p — P') (P + p') = S(p + p')®a = 0. 
Sap -l~Sap' = 0, 

OP^ -h OP'^ = DO- -f Od'-. 


7. To find the intersection of a plane and a sphere. 

Let = — r® be the equation of the sphere, d a yector-perpen- 
dicular from its center on the plane and TS = d. Then, if ^ be 
a vector of the plane, 


Substituting in the equation of the sphere, since = 0, we 

the equation of a circle whose radius is Vr^ — and which is 
real so long as d < r. 


8. To find the intersection of two spheres. 

Let the equations of the given spheres be (Eq- 207) 


(? — 2 S/jy = — 7^, 

p2— 2Spy^= 


Subtracting, we have 

2 Sp(y — y') = a constants 

The intersection is therefore a circle whose plane is perpen- 
dicular to y — yj the vector-line joining the centers of the spheres, 
Assuming (Eq* 210) 

T(p — y) = Ta and T (p — y') = Taj 

show that 2 Sp(y — y') = a constant^ as above. 
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9. The planes of intersection of three spheres intersect in a 
right line. 

Let y\ y^\ be the vector-lines to the centers of the spheres, 
and their equations 

— 2 Spy' = c', 
p2-2Spy" = c", 
p2-2Spy'''=-c”', 

The equations of the planes of intersection are, from the pre- 
ceding problem, 

2Sp(/-y")=c"-c', (a) 

5Sp(y-y")=c'"-c', (&) 

2Sp(y'^y'')=c"^-c^ (c) 

Now, if p be so talfen as to satisfy (a) and (h), we shall 
obtain their line of intersection. But if p satisfies (a) and (5), 
it will also satisfy their difference, which is (c) ; the planes there- 
fore intersect in a right line. 

10 . To find the loons of the intersections of perpendiculars from 
a fixed point upon lines through another fixed pomt. 

Let p and p' be the points, pp^ = a, and S a vector-perpen- 
dicular on any line through pj as p = a + xp* Then 

S = a -f- 

and operating with S • S X 

which is the equation of a circle (Eq. 209) whose diameter is ppI 

11. From a fixed point p, lines are drawn to pointSy as 

p^ p'', of a given right line. Bequired the locus of a point o 

on these Unes^ such that pp^ • po = m®. 

Let the variable vector po— p ; then pp^=fl7p. By the condition 

T(pp'.Po)= 

or 

T(a:/j.p)= ^ 

®p* = — m®. 
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If S be the vector-perpendicular from p on the given line, 
and T3 = d, 

SS(ir/>-S) = 0, 
or 

ccSSp = — cV I 
/)- = — SSp; 


hence the locus is a circle through p. 


12. TjT through any point chords he drawn to a circle^ to find 
the locus of the intersection of the pairs of tangents drawn at the 
points of section of the chords and circle. 

Let the point a be given by the vector oa = a, o being the 
initial point taken at the center of the circle. Let = on be 
the vector to one point of intersection r. The locus of s is 
required. The equation of the chord of contact is (Eq. 213) 

SpV = -- 

which, since the chord passes through a, may be written 

Sp'a = ■— 


where a is a constant vector. The locus is therefore a straight 
line perpendicular to oa (Eq. 180). 

13. To find the loots of the feet ofperpoidiculars drawn through 
a given poiyit to planes passuig through another given 

Let the initial point be taken at the origin of i)erpendicuLars, 
a the vector to the point through which the planes are passed, 
and 8 a perpendicular. Then 

S8(S-a)=0, 

or 

8®-Sa8=0 


is true for any perpendicular. Hence the locus is a sphere whose 
diameter is the Hue joining the given pointi. 
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Otherwise : if the origin be taken at the point common to the 
planes, and the equation of one of the planes is S8p= 0, then 
the vector-perpendicular is (Eq. 198) 

S'^SSa, 




and, if p be the vector to its foot, 

p = a — 8"^ SSa, - 
p — a= — S^'^Soa, 

3-^(S8a)^ 


or 

whence 

and 


Adding the last two equations 





j,; • p®-r-Sap=0, ^ ^ . 

or ci t-wt;;rv.^v. 

. T(p-ia) = Tia, , 


which is the equation of a sphere whose radius is T| and center 
is at the extremity of or whose diameter is the line joining 
thepointB. j.v, ' ‘"V 

14. To find the locus ofi a point p which divides any line os 
drawn from, a given point to a given plane, so that 


OP . os = m, a constant. 

Let OP = p and os = cr ; also let SS<r = c be the equation of the 
plane. We hare, by condition, 


and 


TpT<r = wi, 
Up = Ucr ; 


Ta- = 


m 

Tp 


mJJp 

Tp 



and 
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Substituting in the equation of the plane 

mSSp + €p^ — 0, 


which is the equation of a sphere passing through o and lia\ing 

— for a diameter, 
on 

15. To find the locus of a point the ratio of whose distances 
from two gimn points is constant. 


Let o and a be the two given points, oa = a, or = p, r being 
a point of the locus. Then, by condition, if m be the given 
ratio, 

I T(p-^a) = mTp, 
whence ^ • 

i V p^— 2jS^a + o^=:m^p®, 


or 


(1 — m^) p^ = 2 Sap — 

= 2Sap — -a% 

1 — 


2 Sap , . 

( 1 — ( 1 — 



moL 

1-mf 


» ■ Til 

which is the equation of a sphere whose radius is T- 5 a, and 

^ 1 — 

whose center c is on the line oa, so that oc = - — —a. (Eq. 210) . 


16. Gfiven two points a and b, to find the locus of p idhen 

AP- + BP^ = OP^. 

o being the origin, let OA = a, OB = ^, OT=p. Then, by 
condition, 

p» = (p-a)^ + (p-; 8 )S 

ttTipti J^P 

p*-2Sp(a + ^) = -(a* + ^®), 

[p-(a + i8)]®=2Sa^, 

Tl>-(a + ,8)]=V-2Sa^, 
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which is the equation of a sphere whose center is at the extremity 
of (a + /?) , if Sa/? is negative, or the angle aob acute. If this 
angle is obtuse, there is no point satisfying the condition. If 
AOB = 90*^, the locus is a point. 


83 . Exercises in the transformation and interpretation of 
elementary symbolic forms, 

1. From the equation 

(p +“)*=(/>-“)* 


derive in succession the equations 




T(/o + a) = T(p — a) and 

«/ P 

and state what locus they represent. ^ ' 

2. From the equation '/“A 

a a 

derive syunbolicallj the equations^^ 

ay) + (oa = 0,, S^ = 0, ^0^ = 0, =-l» aiia'TTU^=l, 

, . Sf; r-. V ' ^ ‘ ’r.V' ' -• 

md interpret them as the equ^iions of the same locus. 


anc 

ft 


. 3. Transform 

to the forms 
and interpret. 


s^=o 




S-=l and SU- = 'e“ 

a lap 


4. Transform 8 - — ^=0 to S-=S-> and inteipret. 

a a a 


5. Transform (p — j8)® = (p — a)® to T(p — ;8) = T(p — a), 
and interpret. 

6. What locus is represented by — ^ = 0? 
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7. mat by f?Y= = - a= ? 


8. What by 


9. U- = -U-? 


W H 

ru^=ir^? 


Up = Uj8? u| = i? 


10 . = 1 ^^? 

11. T^^=0? T^ = T-? 


12. Y- = 0? 

a 


13. -K- = c£2? 

a a 

14. SU^ = SU^? 

a a 

15. T|o = l?' - 


SU- = -SU-? SU 


-Y= fsu^? 


16. Transform (p — a)® = to T(/> — a) = Ta, and interpret. 

17. Under what other form may we, write (p -=■ (Rt- a)®? 

Of whaf^erg^ IS It the equation? £ ^ ^ 

18. p^g® =jf 0? *p^^-f 1 = 0? Translate the laiter' into Car- 
tesian coordinaros, b}’ means of the trinomial form, and so deter- 
mine the locus anew. 

, j'f 

19. T{p-/3)=:T(/3-a)?J:rW. ^ ' 

20. Com^Dare 811'^= and S-= 1 with the forms of Ex. 3. 

21. What locus is represented by S/?p + p®/= 0 wlfen T/? = 1 ? 


22. S' 




23. (T“l=-1? Jv-.^ 




i'" / 




24. Show that V *ya/8Ya/>=:0 iB the equation of a plane. 
Wtat plane ? [Eq. (112)]. /: 
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The Conic Sections. 

Cartesian Forms. 

84 . The Parabola. 

Resuming the general form of the equation of a plane curve 

P = + 

from the relation y“ ^ 2px^ we obtain 

( 214 ) 

for the vector equation of the parabola when the vertex is the 
initial point. If the latter is taken anj^where on the curve, from 
the relation 2r = we obtain 

p = ^,a + y^ (215); 

and if the initial point is at the focus, then 2 /® = + j?® gives 

+ .... (216); 

or again, in terms of a single scalar 

p=^^ + t^ (217). 

In Equations (214), (215) and (216), a and are vectors 
parallel to a diameter and tangent at its vertex, being at right 
angles to each other in Equations (214) and (216) ; in Equation 
(217) a and p are any given vectors parallel to a diameter and 
tangent at its vertex, the initial point being on the curve. 

85 . Ta^igerU to the parabola. 

From Equa|;ion (216) we have for the vector along tangent 
(Art. 62) ^ 

i-’+ft 
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and, therefore, the equation of the tangent is 

= + + + . . (218). 
From Equation (217) the vector along the tangent is 

t(L + 

and the equation of the tangent is 

“F = ~a -|- -j- -|- j5) . . • . (219). 

If p he the vector to a point on the diameter of a parabola, the 
point being given hj the equation 

p = ma + «/?, (a) 

and a tangent to the curve be drawn through this point, then 
(«) must satisfy the equation of the tangent-line and 

77h(L -|“ np — a ^P "f" 3>(fa + ^) , 

2 

vrhence ^2 

and n = i + a?, 

or I 

i = ?i ±V?r— 2m; (2>) 

hence, in general, two tangents can be drawn to the curve through 
the given point. When ?i^ = 2m, they coincide ; in this case, 

from {a). 2 

p — ap^ 

the i>oint being on the curve. If 2m>n^ t is imaginaiy, and 
no tangent can be drawn ; in this case (a) becomes 

91/3, 


the point being within the curve. 
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86. lixanaples on the parabola. 

1. The intercept of the tangent on the diameter is equal to the 


rig 74 



absassa of the point of contact. 

Since the tangent is parallel to 
the rector to. + or to any multiple 
of it, it is pai’allel to t-a + ij3 or to 

|a + t/8 + ^a, that is, to (Fig. 74) 


But 


OP + OX^ 


TV. 


TP = TO + OP ; 
TO — ox. 


2. from any point on a di- 
ameter j^roduced, tmigents le draivn^ 
the chord of contact is parallel to the 
tangent at the veHex of the diameter* 
If f and correspond to the 
points of tangeiicy, we have for the vector- chord of contact 

which is parallel to 

^ \. 

or, fn)m Equation (6), Art, 85, to 

jS-fna, 

which is independent of m. 


3. To find the loms of the eoctremity of the diagonal of a rect- 
angle whose sides are two chords draimfrom the vertex* 

Let OP and op^ be the chords. Then 
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The vector-diagonal is p + pi or 


which may be put under the form of the equation of the parabola 
by adding and subtracting a, gi\dng 




W 


But, by condition, Spp^ = 0. Hence, from (u) and (6), Sa^ 
being zero. 


which in (c) gives 


4j>2 

Changing the origin to the extremity of 4j>a, 


2p 


-“+(y-y')^- 


Hence the locus is a similar parabola whose vertex is at a 
distance of twice the parameter of the given parabola from its 
vertex. 

Moreover, from (d), xx*^{2pY, Hence the parameter is a 
mean proportional beHceen the ordinates and the ahsoissas of the 
extremities of chords at right angles. 


4. If tangents be drawn at the vertices of an inscribed triangle., 
the sides of the triangle produced will intersect the tangents in three 
pomts of a right line. 

Let opp' (Fig. 74) be the inscribed triangle, and one of the 
vertices, as o, the initial point. Then, for the points p and 
respectively, we have 

/> = 1 ^+ ^^5 
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Let TTi, -772, -jra be the vectors to the points of intersection ; then 


Also 


-JTI = OP H- PSj = - a + + 3s(ta + J3) . 

TTi = «'OP'= 5 

- * - — =: — t X=s: X t, 




Hence 


TTi : 




In a similar manner 


^2 


But 


Also 




^3 = OP H- ypp' = OP + />) 

yS “/»2 /2 - 

= -1-y , — 5 — a 4- — 0^ • 

^3 = 5;^; 


2 + ^- 2 


Hence 


Now 


773 = 


= 0, i ^) = 2f, 

' t + f 


/3- 


2f— «' 2t'— i i" 

-'”’1 Ti — ^2“ 


t 

Also 




2t-~f 2f^t 


= 0 . 


Hence tti, 772 and ttj terminate in a straight line. 
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5. The principal tangent is tangent to all circles described on 
the radii vectores as diameters. 

Fig. 75. 

Let AP == p (Fig, 75), a and ^ 
being unit vectors along the axis n 
and principal tangent. Then, if 
the circle cut the tangent in t, 
and TC be drawn to the center, 

T(tc) — T(fc) — T(^fp) ; 

TC®=: J(p — 77la)®, 

o 

Also 

T>' 

TC = TA + AP + PC 

= — 2/8 + BKI + — ma) , 

TC® = [—2/8+ ma+'J(p— Bla)]®. 

Equating these values of tc?, 
we have, since S/8a = 0, 

2®/S* — zS^p + mSap = 0, 

2?-2^^ + ^=0, 

which gives but one value for z. 

To find the length of the cwrve. 

It has been seen (Art. 62) that, if p = ^(f) he the equation 
of a plane cur\^e, the differential coefficient is the tangent to the 
curve. Hence, if this be denoted by p'=<^'(i), Tp'di is an 
element of the emwe whose length will be found by integrating 
Tp^ with reference to the scalar variable involved between proper 
limits; or 





For the parabola 
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we have 




... Tp'=^K + l=l(^+2^)i; 


rV+2r)^ = 


,.[ y(.f+fY^ I P i^J y +if , 
' I '2 2> '2 °\ 2^ JJi,^ 


7, To find the area of the curve. 

With the notation of the previous example, twice the area 
swept over lo}' the radius vector will be measui’ecl by (Art. 41, 7) 
TTppV??. The area will then be found by integi'ating TVp/?' with 
reference to the involved scalar between proper limits and taking 
one-half the result ; or 

Jk 

For the parabola 

or, since a/S = 90®, UV A'.' "’ 


Vy.2i> 


From the origin, where yo = point whose ordinate is 

y, the area of the sector swex^t over by p is -r—y® = adding 

12p 

the area Ja.’y of the triangle, which, with the sector, makes up 
the total aj'ea of the half curv^e, we have |a?y, or two-thirds that 
of the cheumscribing rectangle- The origin may be changed to 
any point in the plane of the cun’'e, to which the vector is y, by 
substituting the value p = yi-pi in the equation of the curve, 
pi being the new radius vector ; we may thus find any sector area 
limited b}- two positions of pi, the vertex of the sector being at 
the new origin. Thus, transferring to an origin on the principal 
tangent, distant h from the vertex, p = h^ +pii which, in the 
equation of the parabola, gives i . y ^ ■ 

Pi.=^o.+{y~i>)^, ft' = ■-»+/?; 
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integrating, as before, between the limits y = 6 and y = 0, 

1 




TYiOxp/ 






Fig 76 


87. Relations beticeen three intersecting tangents to the Parabo- 
la. [‘‘Am. Journal of 
Math.,” vol. i. p. 379. 

M. L. Holman and 
E. A. Engler.] 

E6t p2ii Ps tllG 

vectors' ^to the tiiree 
points of tangenc3", Pi, 

Pa, Pg [Fig. 76], and 
TTi, “a, xg the vectors to 
Sj, Sg, Sg, the points of 
intersection of the tan 
gents. Resuming Equa- 
tion (216), where the 
focus is the initial 
point, and a and /J are 
unit vectors along the 
axis and the directrix, 


/3 


^ 



'y\ 


^v\ \ 




(«)• 
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and therefore 

; 

n;, = P2 + P 2 S 1 = -i3®)a + ^2^ + 2 

P 3 S 1 •= ^ (1^/ -i>-)® + 1/3/3 + loga + ; 

whence, equating the coefficients of a and 

z^iiVi-ys), «o = |(?/2-ys), 

whence, substituting, and by the cyclic permutation of the sub- 
scripts, 

'^1=-^ {y&yt + Kyi-^yi)P 

zp 

’rj = ^(yiys-/)®+i:(ys+yi)^ I • • • (c)- 

Wj = ^(.ViVi -ff®)® + ^(2/1 +y»)^ 

From (f>) 

TpiTpj = ^(y,® -f jp®) (y/H-i?®) 

TpsTp3 = |^(y®+i’®)(2/3®+/) - . . . (d), 

TpsTpi = +f) (y® +/) 

4F • y ’ ^ 

andficom (c) x*- 

(t 4)® = X (yf +p^) (yl +15®) I 

(Tff 2 )® = X(yS+j9?)(y*+pS) ^ ...(e), 

(T^3)®=ip(yi®+I5®)(y/+/) 

and from (d) and (e) 

(Tw,)® = TpiTps 

{Tw2)®=TpiT;B, ■ (/). 

(TwO® = Tp2Tp3, 
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From (c) , it appears that the distance of the point of intersec- 
tion of two tangents from the cms is the arithmetical mean of the 
ordinates to their points of contacL From (/) , that the distance 
from the focus to the point of intersection of tico tangents is a 
mean proportional to the radii vectores to the pomts of contact. 


1st. If />2 becomes a multiple of jS, 


{y! -i>0 “ + ^ 


2 = ya = ±2Jj 




Or, the parameter is the double ordinate tnrough the focus^ or 
txoice the distance fron the focus to the directrix. 



2d- If Pi is the multiple of pa (Fig. 17) i then pa — pi is a focal 
chord, and 


or, from (a) , ; . , H, ZLlr^ 4 

^ 3 *" ' 


^irhence 


188 
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or ' 

yiiyiy2 +/) = y2{yiy2 + f ) . 
and . 

‘ " ' " is) 

From (a) and (c) 

SjtsPi = - ^ (Ml --P^) ~ -P^) -iiSi^ S2)yi 

=-— (y/+/) (yiy.+/) = 0 ; ’'•■<?■ . W 

or, u liu6 fTOTfti tli6 focus to the lUtCTSBCtioTi of the tciYiycuts ett the 
extremities of a focal chord is xmpendicular to the focal chord. 
The vectors along the tangents are 


and, from (7i), 


Pi ■ 


■ TTg and Pa — 


21 -L a 


S(pl — ^3) (P 2 — ’Ts) = SpiP 2 + Tri S=C^ -p /j 

TpfTk<^ 

or, tte tangents at Hie extremities of tfie focal chord are perp&nr 
(Iwiilar to each other. 

Since, from (</), 

ViV2 = -l^-> 

we have 

*•3 = ^ iViVi — f)o- + \iy\ 4 - ys)i 8 '^nnrv^ 

j 

= -4Ja + i(y, + y2^, 

or, the tangents at the extremitih of a foecd chord intersect on 
the directrix, •v-*- ^ %,<> <•“ " 7 ; 

3 d. If p 2 becomes a miilfiple of a (Fig. 78 ) , y* = 0 , and from 


(«) 


= ^(Ssyi - /) » + i (^1 + 
= “2‘‘+2^’ 


(0 


or, f/ie sw&^a^^gren^ ts dfseefed at the vertex. 
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Operating with S . cs X 

S5rj(sr3 — Pi) = ^ ^ = 0, 

4 4 

or, a x^erpendicular from the focus on the tcingmt mtersects it on 



Again, sine© ^3 is parallel to the normal at Pi, the latter may 
be written, from (i) , 


whence 







or 


£(!! z = 2 , Z J) ^ 
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bonce, the mbnormal is constant; and the normal is twice the 
jierpendicular on the tangent from the focus. 

The normal at Pi ma}’ be written 

= pi, 

or 

a!(-|a + 1^) = -2'“ + ^ iyi 

whence, from {?>), 

x = l, and s' = ^ (^ 1 “ 4- p^) = Tpi ; 

or, the distance from the foot of the normal to the foc%cs equals 
the radius vector to the pioint of contact^ or the distance from the 
point of contact to the directrix^ or the distance from the focus to 
the foot of the tangent. 

The portion of the tangent from its foot to the point of con- 
tact may be written za + pi, in ■which z has just been found. 
Hence 

2“ -I- Pi = (.yi ‘ ® ^ -f)a-+yi^-, 

or 

Vi 

^ + Pi=~^ + lhP^ (/) 

the portion of the tangent from the foot of the focal perpendicu- 
lar to the point of contact is 

- TT* +pi - iJ®)a + yij8, 

or 

2 

+ (A-) 

or, comparing {j) and (Ar), the tangeM is bisected by the focal 
perpendicular,^ and hence the OAigles between the tangent and the 
axis and the tangeyit and the radius vector are equal,, and the 
tangent bisects the angle between the diameter and radius vector 
to the point of contact. 
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(k) is also the perpendicular from the focus on the iionnal, 
and shows that the lociie of the foot of the 2 :>^i'l)endi€iikir fro7R the 
focics on the normal is a j^ctrabola^ tohose mHex is at the focus of 
the given jxircibola and whose parameter is one-fourth that of the 
given parabola, 

88. The Ellipse. 

1. Substituting in the general equation p = xa + 2 /j^ the value 
of y from the equation of the ellipse referred to center and a^es 

we have 

p=: a:a + mi(c(^— .... (220), 
W 

in which m = — ^ and a and B are unit vectors along the axes, 
cr 

For unit vectors along conjugate diameters, the equation of the 
ellipse becomes 

p:=^xa’\-m!h{cd^ — .... ( 221 ). 

Again, if ^ be the eccentric angle, the equation of the ellipse 
may be written in terms of a single scalar variable, 

p = cos(^ • a + sm<^ . .... (222). 

2, From Eq. (220) we have, for the vector along the tangent, 
a — m^{a^ — a ?) = a — = a — — /3 

= X{ya-~mxl3) ; 
hence, foi* the equation of the tangent line, 

7r = a?a + 2/^4-X(^a — majjS) . . . (223): 

or, more simply, from Eq. (222), the vector-tangent is 


— sin . a + cos . )3, 
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a-ncl the equation of the tangent is 

TT = COS . a -f sin tf) . /3 4- — sin . a + cos (j> • ^), (224). 

Since — sm<^ . a-f cos<^ . ^3 is along the tangent^ cos(j> . a + 
^in (jy . jg and - sin^ • a + cos^ . /3 are rectors along conjugate 
diameters. 


89. Examples on the Ellipse. 

1. The area of the parallelogram formed hy tangents draxon 
through the oeriices of any pair of conjugate diameters is constant. 

ha\'e directly 

TT [2(cos</> • aH-sin<^> . ^)2( — sm<^ . a-fcos^ . ;8)] 

= 4 TYa/? = a constant; 


namely, the rectangle on the axes. 


2. The sum of the squares of conjugate diameters is constant^ 
and equal to the sum of the squares on the ctayea. 

For, since Sa^ = 0, 

(cos . a + sin ^ — sin ^ . a 4- cos . jiy = 4- 

3. The eccentric angles of the vertices of conjugate diametex^s 
differ hy 90? 

The vector tangent at the extremity of 


is 


p = cos<ji> ♦ a4-sin<#» . (a) 

— sin cji * a 4- cos ^ 


This is also a vector along the diameter conjugate to p, and is 
seen to be the value of p when in (a) we write 

4. The eccentric angle of the extremity of equal conjugate diawr 
eters is 45? and the diameters fall upon the diagonals of the 
rectangle on the axces. 
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5. The line joining the points of contact of tangents is 
parallel to the line joining the extremities of parallel diam- 
eters. 

G. Tangents at right angles to each other intersect in the cir- 
cumference of a circle, 

7. If an ordinate pd to the major axis be produced to meet the 
circumscribed cirde in q, then 

QD : PD : ; a : b. 


8. If an ordinate pd to the minor axis 7ueets the inscribed circle 
in Q, then 

QD : PD : : 0 : a. 


9* Any semi~dkmeter is a mean proportional heticeen the dis- 
tances from the center to the points tvJiere it meets the ordinate of 
any point and the tangent at that point. 

For the point p (Fig. 82) we have 

/3 = cos<#> . a + sixicji . /3. 

Also 


OT = iCOP = OQ 4- QT 

= x{cos<f > . a H-sin</> • /5) 

= cos</>' • a-j-sin<^>'. ^ + . a4-cos<#)' • ^). 


Eliminating 


x = 


COS((^— 1^^)’ 


or 


But 


OT = iCOP = 


1 

cos(<^ — <i>') 


DP. 


ON = X^OF = OQ + QN 

= x^ (cos <^ . a -j- sin <l > . /3) 

= cos<^'. a 4 - sin<^\^ + i^( — siiK^ - a + cost/) . /5) 


Eliminating 


a5' = cos(<^> — 


or 


ON = cos(<^ — ; 

ON . OT= OP^ 
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10. To find the length of the curve. 

"With the notation, of Ex. G. Art. 86, we obtain, from Eq. 

(222), 

p'= — sin . a + cos (ji . p, 

Tp'= V ( a® — &*) sin“ 

s — So = J* 

% 

'which, involves elliptic functions. If a — Z^, we have, for the 
circle, 5 — = I 7’ = r — <^u) • 

A 

From Eq, (220) , we obtain 


-X 


■ ^0 “* 


a 


' eV 


which may be expanded and integrated ; giving for the entire 
cun^e 

Wi-x- 


\ 2.2 2. 2. 4. 4 2. 2. 4. 4. 6. 6 


— etc. 1, 


a converging series. If e — 0, we have, for the circle, 2x7'. 

11. To find the area of the ellipse. 

With the notation of Ex. 7, Art. 86, 

TT(co&<^ • a + sin<^ • /(3)(— Bin<^ . a + cos<^ • /3) 
= TT (cos® • a/3 — sin® . jSa) = TVa/? ; ' . , 

A • ^ ^ ^ 

or, since a;S=90f '- -V' • 

if ^TVpp'=iifab. 


The whole area is therefore irab. 
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90. The Hyperbola. 

1. Let a and. fi be unit vectors parallel to the asymptotes. 
Then, from the equation, 

+ 

xy = -^=m, .. 

we have, for the equation of the hyperbola, 

P = + {22o) 

or, if a and /3 are given vectors parallel to the asymptotes, 

ps=ta+~ (226) 

u 

or, again, in terms of the eccentric angle, 

/5 = sec«^ e a + tan<^ • jS. , . . (227). 

2. The equation of the tangent, obtained as usual, is from 
Eq. (226), 

jo =5: ia +“ . . . . ( 228 ), 

where ia — ^ is a vector along the tangent. 
i 


91. Examples on the Hyjperhola. 

1. when the hyperbola is referred to its asymptotes^ one 
diagonal of a parallelogram tohose sides are the codrdiTiates is 
the radius vector, the other diagonal is parallel to the tangent 

If (Fig. 79) cx = fa, xp=^, then 

z 

CP = ta+^, QX=fa— 
z t 
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2. A diameter bisects aU chords parallel to the tangent at its 
vertex. 

Let (Kg. 79) CP be the diameter, t corresponding to the 

point p. The tangent at p is parallel to ta—^ and cp = fa + H., 
p'p" being the parallel chord, ^ * 


Op'= CO + op'= a: ^fa 4- y ^fa 

Also, if t' correspond to pj 


cp'=f'a+^; 

t 

ix+y)t = t', ^ = i 


or 
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Hence, for every point, as o, determined by £c, there are two 
points p' and p", determined by the two coiTesponding values 
of 2/5 which are equal with opposite signs. 

3. The tangent at Pi to the conjtigate hyperbola is parallel to 

CP (Fig. 79). ’ ' w ^ ‘ ’ " " 

4. The portion of ihe tangent limited by the asymptotes is 
bisected at the point of contact, 

5. from the point d (Fig. 79), lohere the tangent at p meets 
the asymptote^ dn be draton parallel to the other asymptote^ then 
the poHion of pn produced^ tohich is limited by the asym 2 ytotes, is 
trisected at p and n. 


We have 


CN = 2ia + iKi3 = «'a + f = 24a + A 

CP = fa+ j; 


■■ PN = CN — CP = 4a — 


1 

2 «’ 


and the equation of ss' is 

whence, for the points s, s; 


a; = — 1, £C=2. 


6 . The intercepts of the secant betzveen the hyperbola and its 
asymptotes are equal. 

The vector along the tangent parallel to the secant is ta — 
Hence (Fig. 79) 

or' «a = a i^ia 4- 

but op^' = op' (Ex. 2 ) , and therefore p"k" = p'eI 


f)+A-f). ■ 
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7. If tlij'ougli any point p" (Fig. 79) a line r"p'r' he drawn 
in any direction^ meeting the asymptotes in r" and rJ then 


p' r". p^r' = pd'^. 

8. If through pI p" (Fig. 79) lines be drawn parallel to the 
asymptotes^ forming a parallelogram of which p'p" is one diagonal^ 
the other diagonal will pass through the center. 

The vector from c to the farther extremity of the required 
diagonal is 


But + ~ is the vector from c to the other extremity of the 

t 

required diagonal. 


9. If the tangent at any point p meet the transverse cms in t, 
and PN he the ordinate of the point p ; then 


ai • = a®, 

c being the center and a the semi-transverse axis. 

From Eq. (227) , substituting in ct = cp + pt, 

a:sec<^ . a = sec0 . a + tan<^ • /? + y(tan<^ sec<^ • a-|- sec®<^ • j8) ; 


and 

or 


sec^c^’ 

CT • CN = (a; sec^ . a) (sec<^ • a) = 
CT . CN = a^. , 


ID, If the tangent at any point p meet the conjugate axis at x,' 
and pn' he the ordinate to the conjugate axis^ then 

ct' . cn' = 

c being the center and h the semi-conjugate axis. 
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92. The pi’ececling examples on the conic sections involve 
directly the Cartesian forms. A method will now be briefly 
indicated peculiar to Quaternion analysis and independent of 
these forms. 

1. The general form of an equation of the first degree, or as 
it may be called from analogy, a Imear equation in quaternions, is 

aqb + c, 

or 

5a$6 = c, (a) 

ill which q is an unknown quaternion, entering once, as a factor 

only, in each term, and a, 6, aj , c are given quaternions- 

It may evidently be written 


%Haqb + SVaq& = Sc + Yc, 

whence 


But 

and 


5Sa2& = Sc, 

XYciqb = Yo. 

Saqb = Sq5a = Sg^Skt -f S . Y$Y6a, 


(j>) 

(c) 


yciqb = V(Sa + Ta) (S^ + T?) (S6 + Yb) 
= VVS^Sct-fVct) (S& + Yh) 


I + T(S«VgS6 + MVqYb + YaYq^ + YaYqYb') 
= 'S^'+Y(fm-^iYb-i~mYa)Yq , ‘ 

+ Y • YaJ^^b + ~~ ^ *' YdY^Yg 


= BqYab + Y . a(K6)Tg + 2TaS . YqYb. 


We liave therefoi'e, from (6) aad (c) , 


Sc = Sg5S&(H- S . VgST&ct, 

Tc « &qSYaA + ST . a(K6)Tg + 2 STaS . YqYb, 


or, writing 

%Sab = d, STa6 = 8, ST6a = S{ Sgf = M), Yq = p, 
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we obtaiii 

Sc = wd + S/)8} 

\c = ivS + ST . a(Kb)p + 2 STaS . pYb, 

TTe may now eliminate iv between these equations, obtaining 
To • fZ - Sc . S = d%ya(Kb)p - 8SpS'+ d2SJciS . pYb 


which involves only the vector of the unknown quaternion g, and 
which, since T and S are commutative, may be written under 
the general form 

y = > rp + SpSap, 


in which y, a, a, , /8, — are known vectors, r a known 

quaternion, but p an unknown vector. This equation is the 
general form of a linear vector equation. The second member, 
being a linear function of p, may be written 

Yrp + 2/?Sap = ^p = y .... (229), 

where tf^p designates any linear function of p- If we define the. 
inverse function by the equation 




i:he determination of p is made to depend upon that of 

2, Without entering upon the solution of linear equations, it 
is evident on inspection that the function is distributive as 
regards addition, so that 

<^(p + P^H — ”)== • • • (230). 


Also that, a being any scalar. 


and 


3 . 


ijiCLp = a<^p • . . 

d<l>p = <l)dp . . 

Furthermore, if we operate upon the form 
xf>p =5 S^SSap H- Yrp 


(231), 

( 282 ). 
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with S • 0 * X , 0 “ being any vector whatever, 

8(T<t,p = :§S(o-^Sap) + S(r{Yrp ) . 


Bnt 


S(o-/5Sa/o) = SoTjSSa/) = SpaSjScr =:= S(/oaS^<T) , 

and 

S(crVrp) = S[o-Y(Sr + yr)p] = SrS(T/> + ST(yr)/) 
= SrSpcr - Sp(yr)(r = S[py (Kr) cr] . 

Hence, if we designate by <#)'or, 

=: SaSjSor + y(Kr)(j5 


a new linear function differing from (j> by the interchange of the 
letters a and /S, and Kr for r, we shall have, whatever the vectors 
p and cr, 

S(o-^p) — S(p(^'fr). 


Functions, which, like ^ and enjoy this property, are called 
conjugate functions. The function <^> is said to be self-conjugate, 
that is, equal to its conjugate <#>, when for any vectors p, cr, 


Scr</>p = Sp0cr. 


93. In accordance with Boscovich’s definition, a conic sec- 
tion is the locus of a point so moving that the ratio of its dis- 
tances from a fixed point and a fixed right line is constant. 


1. Let F (Fig. 80), be the fixed point or Fig 80 

focus, DO the fixed line or directrix, and p 

FP ^ 

any point such that — = e, the constant ratio 

DP 

or eccentricity. Draw fo perpendicular to ^ 
the directrix, and let fo = a, on =^, pd = au 
and FP = p. By definition, 



Tp 


or 

Also 


T(pd) 

P* = eVa». 


(a) 


p + xa=za + yy. 
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Operating with S . a x , we have, since Say = 0, . 

Sap + Xa? = a^, 
or 

Si?a^=: (a^ — Sap)®. 

Substituting in (ct) 

aV = e®(a®-Sap)® .... (233), 

in which e may he less, greater than, or equal to unitj’-, corre- 
sponding to the ellipse, hyperbola and parabola. 



2. For the ellipse, Fig. 


A and a 1 we have . 






25 = 5 - 


1+e 


81, patting p = a5a for the points 

and X = —^5 1 

1—6 


or, since p = xa = a;po, 


e 

PA= FO, fA 

l+e 




FA'= — ^FO, „ 
1-^ 


6 


whence 


. 

’ ‘ 






,VN^ 


FO 


1 - 6 ® 


a, 


and therefore 
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which furnish the well-known x)roperties of the ellipse, 

FA = «(1 — e), 

FA'=a(l +e), 

^ OF = 1^ "1* ^ 

1 “ e 

AO a, 

€ 

oo = -zzJ 6 *f C. -4 » 

e 

3. Changing the oriadn to the center of the curve, let cf = a' ; 

then cp^p' and /ofep'— a, a/^f ]a; whence 

l_es Vl-e^ 1+ey 

o = ^ a'. Substituting these values of p and a in 

aV = eV-S“p)S . •/; , 

remembering that obtain 

a^p'^ -f (Sa^py = — a^(l — e^) , 

or, dropping the accents, c being the initial point, 

a2p2 + (Sap)2=:-.a*(l_e2) . . . (234), 

the equation of the ellipse in terms of the major axis with the 
origin at the center. If p coincides with the axes, Tp = a or b, 
as it should. 

4. Equation (234) may be deduced directly from Newton's 
definition, thus : let cf = a (Fig, 81) as before, f and f' being 
the foci, and cp = p. Then 

FP = p — a, f'p = p + a, 

and, by definition, 

FP -hF^p= 2a 
T(p-a)+T(p-f a) = 2a, 


as lines ; or 
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a being the semi-major ^axis. Whence 

V— (io^— a)^ == 2a — V— (/) + a)®. 

Squaring 

— 2 Spa — a? “4:0? — 4a V — (p + ^ spa — , 

Spa — a^ = — a V— (p H- a)® . 

Squaring again 

(Spa)^ — 2a?'Spcc + = — ci“(p^ 4* 2’Spa + a^) , 

aV-t-(Spa)2 = -a*-a2a^ . 

or, as before, , 

aV®+(Spa)2 = -a^(l-e')* 

94. 1. The equation of the ellipse 


a^P® + (Sap)2=: — a^(l 


may be put under the form 


S t p 


d?p + aSapH _ - , 


or, in the notation of Art, 92, writing 


4- aSap 


= <l>pj 


the equation of the ellipse becomes 

Sp</>p = l (235). 


2. By inspection of the value of <l>p it is seen that, when p 
coincides with either axis, p and <^p coincide. 

Operating on <f>p with S • o- x , we have 


So*<^p 5= 


c? So-p + So-aSop ^ 
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operating on dxr = ^.^ 2 ^ S . d X , we have 

cr(l — e^) 

Cfc"Spo- + SpaSaq- . 

Sp</)cr = S<r<^p (236) , 


hence 


and <l> is self-conjugate. 

3, Differentiating Equation (23o), we have 


Sdp<^p "f- Spc2<^p = 0^ 

Sdp^p -h Sp<#»dp = 0, [Eq. (232) ] 

Spc^dp -f Sp«^dp = 2 Sp<^dp = 0. [Eq. (236)] 


If TT he a vector to any point of the tangent line. 


whence 

or 


Sp<^(7r — p)= S(7r— p)<^p= 0, 
Sxc^P = Sp<^p = Sp<f>v = 1 . 




(a) 

. (287) 


is the equation of the tangent line. 

From (a) we see that <^p is a vector parallel to the normal at 
the point of contact, being parallel to p only when p coincides 
with the axes, as already remarked. 


4. To transform the preceding equations into the usual Car- 
tesian forms, let i be a unit vector along ca (Fig. 81), and j a 
unit vector perpendicular to it. If the coordinates of p are x 
and then, since a = cp, ^ 

p = a» + yj, <p 

and 


k'* 

a® p + + 3W) + . aei(sisi + yj) 

a*(l — a^(l — e®) 
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or, since 1 — 



and 


Sp<l>p 



1=-S. (xi + yj) 
a‘^+ = a-h^. 



Again, if®' and y' are the coordinates of a point in the tangent, 


and 


Tr = x'i + y'ji 

S;r,^p = l: + 


a^yy'+ h^xx^ = a^b^. 


The above applies to the hj^perbola when e > 1, that is, when 

7)2 

1 — , giving the corresponding equations 

o^yy'— = — a® 5^. 


95^ Examples. 

1. To find the locm of the middle points of parallel chords. 

Let /3 be a vector along one of the chords, as rq (Fig, 82), 
the length of the chord being 2y, and let y be the vector to its 
middle point ; then 

- 

and p = y-~y^ 




are vectors to points of the ellipse, and 

: •? 'fN ( ^ 

S{y+ykH{y+y^)^h 
Hy- yP)Hy- y^)=^ 


i 


whence, expanding, suhti*acting, and applying Equation (236), 

&y4>^ = 0, 
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the equation of a straight line through the origin. Since 
is parallel to the normal at the extremit}' of a diameter parallel 
to /?, the locus is the diameter parallel to the tangent at that 
point. 



2. Equation of condition for conjugate diameters. 

Denote the diameter op (Fig. 82) of the preceding problem, 
bisecting all chords parallel to jS, by a. TJien 




or 


Sa^/3 = 0,-'^^ 


In the latter, /? is perpendicular to the normal <^a at the ex- 
tremity of a, and is therefore parallel to the tangent at that 
point ; hence this is the equation of the diameter bisecting all 
chords parallel to a. Therefore, diameters which satisfy the 
equation Sa^/3 = 0 are conjugate diameters. 


3. Supplementary chords. 

Let pp' (Fig. 82) and dd' be conjugate diameters, and the 
chords PD, PD^ be drawn. Then, with the above notation, 

DP = a — 

D'p=a+^, 

and 

S(a +^)<^(a - /S) = S(a + (</.a - .^/J) 

= S(a<^a — a(^/J + j3<j>a. — 
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But 

Sa</)a = 1 , = 1 , Sa<^/? = ; 

S(a+;3)<^(a — /?) = 0. 

Hence, if dp is parallel to a diameter, pd' is parallel to its 
conjugate. 

4. If two tangemts be drawn to the ellipse^ the diameter parallel 
to the chord of contact and the diameter through the intersection 
of the tangents are conjugate. 


Fiff 82 



Let TQ (Fig. 82) and tr be the tangents at the extremities of 
the chord parallel to and ox = w. Then 

OQ = ira + y/?, 0R = ara+^'/3.^ 0^^; 

I ^ 

From the equation of the tangent = l,5ve have 

S7r</) (aja + y/3) = 1, 

S7r<^(a;a+^'y3) = 1, 

Expanding and subtracting 

^7r<hP = 0. 

Hence, Ex. 2, tt and /?, or op and od, are conjugate. The 
locus of T for parallel chords is the diameter conjugate to the 
chord through tlie center. 
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5. If qoq' (Fig. 82) he a diameter and qr a chord of co7%tact^ 
then is q'r parcdlel to ot. 

RQ being parallel to and oq' = — oq, we have 

whence, directly rq^ = — 2a;a; as also Srq^rq^== 0, rq and itq* 
being supplementary chords.' ' ^ 

6, The points m which any two parallel tangents as qt 

(Fig. 82) are intersected by a third tangent^ as ttJ lie on conju- 
gate diameters. * f* ' ^ - . 

^ ^ . f) . 

The equation of rt^ is S7r^p = f, and that of <i'T' is S7r^<^p'=l. 
For the point tJ tt = tt' ; whence, hj subtraction, 

Sr<^(p-^p') = 0. 

^7. Chord of contact. 

The equation of the tangent, 

Sp07r=l, ✓ ? ' 

is linear, and satisfied for both q and R. Hence, writing o- for p 
as the variable vector, tt being constant, 

Scr^TT = 1 

is the equation of the chord of contact. 

^8. To find the locus of t for all chords through a fixed point 
(Fig. 82). 

Let s be a fixed point of the chord rq, so that os = or = a 
constant. Then 

S0’<^7r = = 1 , 

a right line perpendicular to <^(r, or parallel to the tangent at the 
extremity of os, and the locus of x for all chords through s. 
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9. Any semi-diamete?' is a mean proportional hetiveen the dis- 
tances from the center to the points ivhere it meets the ordinate of 
anyp>oint and the tangent at that point. 


Fig 



OD (Fig. 82) aud op being still represented hy j3 and a, let 
OT = x^a and OQ = p = ica + y^- Then from the equation of the 
tangent, 1, we obtain 


whence, since Sa<^/3 = 
or 


(xcL 4 - y/?) = 1 ; j 


xs;'Sa4>a=l, ■(, .TL 

xx' = 1 ; ^ 


/ ^ 


or 


* ■ XOt 9 X Oi — 0? , 

ON . OT = OP-. 


10. J7dd' (Fig. 82) and are conjugate diameters^ then are 
PD and vj>^ proportional to the diameters p>araTlel to them. 

With the same notation 


DF = a--^, I)'p = a+/ 3 , 

OE = m(a — ^), OP = n(a + ^), 


whence 
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From the equation of the ellipse)^ f \ 


S??z(a — /?)^m(a — /S) = 1, 

and 

Su(a -f- y8) <fi7i (a =5= 1. 


(a) 

i^) 


Now, from (a) , since S/5^/3 = Sa^a = 1 and S^(^a = ^a<jyj3 = 0, 
2m2=l. 

Similar!}’, from (5) , 


Also 


m — ?i. 

DP : n'p : : T(a — : T(a + 

: : Tm(a — jS) : T?i(a + /?) 

: : OE : OF. 


11. Tlie diameters along tJie diagonals of the jgarallelogram on 
the axes are conjugate; and the same is true of diaineters along 
the diagonals of any parallelogram whose sides are the tangents at 
the extremities of conjugate diameters. 

12. Diameters parallel to the sides of an inscribed parallelo^ 
gram are conjugate. 



Q(, 


Let the sides of tlie pai’allelogram (Fig. 83) be 


and let 
Then 


pp' = a, PQ = j3, 
op = p, oq^pl 

OP^=sp+a, 0Q' = p' + a, o' — p = /?. 
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Prom the equation of the ellipse, = 1 , we have for and 

S(/^a)<^>(p'-ha) = l, 

S (p -i- a) (p 4- a) = 1 ; 


whence, since Sp^p = Sp' <t>p' = 1. 


Subtracting 

or 


2 Sx<^p'4- Sa^a = 0, 

2 Sa<j£)p -|- SoL<l>CL = 0 . 

Sp'4>a — Sp^a = 0, 

S (p'— p)<^a = S;9<^a = 0. 


13* r/ie rectangle of the perpendiculars from the foci on the 
tangent is constant^ and equal to the square of the semi-conjugate 
axis. 



Let the tangent be drawn at e (Fig. 83) and oe = p. Then 
<^p is parallel to the normal at r, that is, to the perpendiculars 
PD, Hence, op being a, 

OD^= X* — a, 

OD = a 4" 3>'<^»p, 

which, since n and n' are on the tangent, in Srrc^p =; 1 give 
S {x^4>p — a) <^p = 1 , 

S(a + X(f>p)<f)p = 1, 

a:'(<^p)2 = l+Sa<^p,j ^ 

X (<}>py = 1 — Sa^p i I 


or 
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whence 


and 


But 

i<f>py= (j- 


Ta!'.^^ = p'D'=Tl±^, 
9P 

=FD — - ^— -3 

<PP 


FD X f'd' = T 


l"(Sa<^p) 

Ai^py 

V. 


2 


a^p 4- aSapV^ a^(a^p^) + 2ft®(Sap)® + a®(Sap)^ 


or, substituting a^p® from Equation (234) and a- = — 


Also 


__ (Sap)^— 

“ a«(l - e^y 


- (Sa<^p) _ 1 - [_ a*(l-(^) J - 

,a*-(Sa.p)<‘ a*(l-e°) 


•. FD X f'd^ = T ■ 


(Sap)® — 


— (Sap)® 
:a®(l^e®) = 6®. 


14. The foot of the perpendicular fmn the focus on the tangent 
is in the circumference of the circle described on the major axis. 

To prove this we have to show that the line od (Fig. 83) is 
equal to a, Now 

on = a + xcjip 

, <^p(l -~Sa(/>p) . * 


from the preceding example. Hence 

/__NS s , 2Sa</.p(l — Sa<^p) (1-Sa^p)* 

(») =• + — 

1 - (Sa^p)> _ 

(.#.p)» -«e+ ct* (SopY-a^ 

-_a»e»-a*(l -e®) = -a*; 


oD = a. 
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The Parabola, 

96. 1. Eesuming Equation (*283) and making 6 = 1, the 
equation of the parabola is 


p- =z= (a^ — Sap)^ . , 

which ma}" be written ■ ' ^ w , • 

p2 + 2Sap-a-2(Sap)2_''V 

“n 


(238), 


in which, if we put 


p + 2 a — a “aSap ^ 

2 — ^ j 

a 


p — a’^ Sap 


we have for the equation of the parabola 
Sp(<^p + 2a“0 = l 
and, as in the case of the ellipse, 


Scr^p = Sp<^c7 . 


Operating on <^p by S . a x , we obtain 


Sa<^p = o'. . , , (241) 

hence, <l>p is aperpendmdar to the axis. « 

Operating on by S . p X » ' 

Sptjip = ^ A "j. f (242) 

2. Differentiating Equation (239), we have ’ 

2 Sp(f>dp -f" 2 Sdpa”^ = 0. 

For any point of the tangent line to which the vector is tt, 

T = p + xdp, 
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from which, substituting dp in the above, 

Sp<^(7r — p) + S(7r — p)a”^ = 0, 

S {p^TT — p<^p -h 7ra“* — pa”^) = 0 ; (a) 

or, since Sp<^p — 1 — 2Spa-^ [Eq. (239)], 

Sttc^P — 1 -f- 2 Spa"^ + Sxa”^ — Spa"^ = 0, 

whence 

S7r(<^p + + Spa“^ = 1 . . . . (243), 

the equation of the tangent line. 

3. From (a) we obtain 

— p) (<^P + a-^) = 0; 
or, since -tt — p is a vector along the tangent, 

<^p-ftt"^ 

is in the direction of the normaL 


4. If 0 - be a vector to an}’’ point of the normal, the equation 
of the normal will be 

cr = p +£c(<^p + a”^) (244). 


5. The Cartesian form of Equation (239) is obtained by 
making 

p = ari + yj, a = ¥0 (Fig. 80) = -pi ; 

xpi 

si. 

■ • w p’ 

whence, Equation (239) becomes 


/ p ’ 

. ^ = 2pot+p\ 


the equation of the parabola referred to the focus. 
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97. Examples, 

1. The subtanyent is bisected at the vertex* 



We have (Fig. 84) ft = cca, ^hieh In the equation of the tangent 
S7r(^p -f- "f" Spa ^ = 1 

gives 

Sxa(^<jip + + Sa^^p = 1. 

i’Zf ^ 

But Sa< 3 fap = 0j hence a 

ffly + Sa'^p— 1; (ct) 

multiplying by a 

Xa 4" oBoT^P = a, 

(x — -J)®! = a — 4’*^ aSa^^p 

= — aSa'^p, 

AT = — AF — aSa^^ p- 

But the value of <^p gives " , • . ' ^ ^ ^*->J I 

a^fjip = p — a”^ Sap ; 
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and, since <l>p is a vector alon^ mp and a"* Sap a vector along fm, 
from p = FM + MP we have , , ^ , 

• '■ ■/" 

' FM =: CL ^ Sap = aSa“^p, (&} 

MP = a^<^p; (c) 

AT = — AF — FM = — AM, 

or, as lines, 

AT = ABI. 


2. TJie distances from the focus to the jjoint of contact and the 
intersection of the tangent icith the axis are equal. 


or (Fig. 84) , 


[Eq, (238)] 


flJa = a — aSa"^p,’^ r 

(ft)^ = (a — aSa""^p)^ 
= (a — a”^Sap)^ 
_ (g^ — Sap)^ 


FP= FT. 


3- The mhiormal is constant and equal to half the parameter. 

The vector-normal being ^p + a"*^ (Art. 96, 3), we have 
(Fig. 84) 

PNs:=^(<^p + a“^); 


but 


PN = PM 4 * 

= — a-^p4-aja: 


[Ex. 1, (c)] 


Z 


— 


or 


X=^ — 1 , £i5a= — a; 


or, the distances mn and fo are equal, and the subnormal = p, 
a constant. 

4. The perpendicular from the focus on the tangent intersects 
it on the tangent at the vertex^ and AO = (Fig. 84) * 
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Since (Ex. 2) fp = ft = pd, pd is perpendicular to pt or par- 
allel to PN. Otherwise : 


KP = — z{<f>a 4" = 0 L'((^p + a”^) (Ex. 3) 

= 4- a = MP + FO, [Ex. 1, (c) ] 

aVp + a=:rO 4'0D = FD.''? / 

I ^ 

|fd = FQ ^a-<;£>p -f -l-a 
= 4- i'A ; 

= AQ^i'XLB. 


0 . To find the locus of the intersection of the x^erpendicular 
from the vertex on the tangent . and the diameter produced 
through the point of contact, l* ^ ' / ’ • 


Fig. S4. 



Let FS 5= (T (Fig. 84) be a vector to a point of the locus. 
Then 


FS = FA -f AS = FP -H PS, 
iT^\a + %{(hp + a“^) ^p+Xa* 
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Operating with x S . tben^ since Sa<^p == 0 [Eq. (241)], 
z{<i>py==Hp<t>p=^a^<t.py; [Eq.(242)] 

z=i a^, 

and 

o-=ia + CL-(<^p4-a~^)= |a4-a^0p, 
or 

cr — I a = a"0p. 

Operating with x S . a 

S(cr — |a)a = 0, 

So-a=^l|(Ta)2, 

or [Eq, (180)], the locus is a right line perpendicular to the 
axis and fp distant from the focus. 

6. To find the locus of the intersection of the tangent and the 
pe7'pendicular fro^n the vertex. 

If the origin be taken at the vertex, then since 4>p H- a“^ is a 
vector along the normal, the equation of the locus will be 

TT = x{<f>p -t 0-^^) - («) 

To eliminate x, operate with S . a x which gives 

» 4 H 

i . r ^ X 

£c = Sa7r, whence Sa V = — 

or 

To eliminate p, the equation of the tangent, S7r(<^p +a"^) + 
Spa”^ =1, for the new origin becomes 

^ + fj(^P + «■') + Sp“~^ = 1 ) 

or , ■•A*'../ 

2 Stt^p + 2 Sa- V + 2 Sa-V = 1 . 

Operating on (a) with X S . <^p, whence Stti^p =s £c(<#ip)', the 
preceding equation becomes 

2a:(^p)®-^V2Sa-V=l. (&) 
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Also [Eq. (242)] Sp^/o = which, in the equation ol 

the parabola Sp(<^p + 2a"^)=l, gives 

a2(<^p)= + 2Sa-V=l- (c) 

AVhence, from (&) and (c) , by sulitraction, 


But, from (a), 

(#)■ = 


TT^- 2a?Sra-^+a.>^a--l 



Equating these values of (< 5 ^»p)") and substituting the value of a?, 
2^Sa7r- + (Sa7r) ^ = 0, 

v-hich is the equation of the locus required. To transform to 
Cartesian coordinates, make 


tt = ir? + and a = ai, 


whence 

and 




'I » 


? 


the equation of the cissoid to the circle whose diameter is the 
distance from the vertex to the directrix, r** ^ 1 

^ f 

7. Jf pp^ (Fig. 75) he a focal chords and pa, pa\ produced 
meet the directrix in i>[ n, then will pd and p^d' he parallel to af. 


or 


ad'= — £CAF = AO + on; 


Operating with S • a x 




(«) 


x(a^ — 2 Sap) = a®. 
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Now pp = p and fp' = — x^p 
curve, and hence satisfy its equa- 
tion. Whence [Eq. (288)] 

= (a^ — 

x''^a?p^ == (a^ -f- Oj'Sa/))® ; 

. ‘ , — ^apY = (a“-f- aj'Sap)^ ; 

or 

x\cL^ — : Sap) = or + a; 'Sap, 

. x'(a^ — 2 Sap) = a^. 

Hence, comparing with (a), 
x=^xl 

or, the sides produced of the 
ti'iangle app are cut propoi- 
tionatel}’, and therefore is 
parallel to af. / ^ 


are vectors to points on the 

75 



8. with a clicmeter equal to tJiree times the focal distmee^ 
a circle le described with its center at the vertex^ the coofi 7 y}on 
choi'd bisects the line joining the focus and vertex, 'jS' 

The equation of the curve being 

a?p- = (a- — Sap) ^ (rf ) 


that of the circle whose center is a (Fig. 75), referred to f, is 
of the fonn [Eq. (210)] 


or, by condition, 


T(f>.-y) -T/5, 


Tp-| =Xia;.. 



which, in (tt) , gives 


p^ = Sap + 



which is the proposition. 
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96. The Cycloid. 

1. Let a and /S be vectors along the base and axis of the 
cycloid and Tj5 = Ta = r, the i-adius of the generating circle. 
Then, for any point P of the cun-e, 

x = ]-& — r sm0 = r($ — sin^), 

2 / = r — rcos6 = ?'(l — cos^), 

and the equation of the cycloid is 

p = (^ — sin0)a'+tl — cos0);8. 

-5 ' » . 

2. The rector aloi^ the tangent is 

i ' 

(1— cos^)a + sin0 . /J, 

and the equation of the tangent is 

ff = (^-. sintf)a + (l — cos^)j8 + i[(l--cos0)a4-sin^ . ^]. 

S. The vector from p to 'the lower extremity of the vertical 
diameter of the generating circle through p is 

- PC == — (1 — . qos6)^ -h sin^ . d, 

- H t 

and, from the above expression, for the vector-tangent pt, \ 

S(pc * pt) = 0 ; 

hence pc is perpendicular to the tangent, or the normal passes 
through the foot of the vertical diameter of the generating cir- 
cle for the point to which the normal is drawn, and the tangent 
passes through the other extremity. 

4. If, through p, a line be. drawn parallel to the base, 
intersecting the central generating circle in q, show that 
PQ = r(7r — tf) = arcQA, a being the upper extremity of the 
axis. 
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5. With the notation of Ex. 6, Art. 86, 

/ 

=(1 — cos^)a-+ sm6 • 
p'2 = — [(1 — eos0)^ + 

Tp' — r Vl — 2 cos^ + cos^6^ + sin®^ ^r'\/2 ^'2 cos & 
= 27'sm^^ ; 

s — So= r2rsm^6 = [4rcas|S]‘^ =8r, 

J27T 

the length of the entire curve. 


6. With the notation of JEx. 7, Art. 86> *«'* 

iMf ' ■' ' *“ 

TTp/3'= XV[(6 — sin6)siiti^ + (1 — eos0)*)8a] 

= TT[(0 sin^ — sin®5— (1— cos6)^]a^ ^ , 

= ?-*(^ 3m^ + 2oos^ — 2). ' 

A— ^0 = ^“ C (5 sin^ + 2eos^ — 2) 

«/37r 


=[?(•> 


(sin^ — 0 cosfl 4- 2 sin^ 


lu(9-2^)J 


. n" 


= 1 -(3sm0 — 6 c50s^ — 2^) |=37r^'^j 


J27r 


the whole area of the curve. 


99. Elementary Applications to Mechanics. 

1. If 5 be the magnitude of any force acting in a known di- 
rection, the force, as having magnitude and direction, may be 
represented by the vector symbol /?, which is independent of 
the point of application of the force. In order, completely, to 
define the force with reference to any origin o, the vector OA=:a, 
to its point of application a, must also be given. For concur- 
ring forces, whose magnitudes are dl V,' , we have, for the 

resultant, ^ which is true, whether the forces are compla- 
iiar or not, and is the theorem of the polygon offerees extended. 
For two forces, j8 — /3^4- ; whence -h + 2 or 
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/y2 = + 2 yy' cos^, which is the theorem of the iKirallelo- 

if ram of forces. For am’ number of concurring forces, the con- 
dition of equilibrium will be 0. For a particle constrained 
to move on a plane curve whose equation is p=<j>{t), dp being 
in the dhection of the tangent, since the resultant of the ex- 
traneous forces must be normal to the curve for equilibrium, we 
have 

Mpl3 = 0. - (a) 

2. If OA^=:a; and is a force acting at aJ then Tjyi3'=a^y sin^ 
is the numerical value of the moment of the couple at x’ and 
— at o. Representing, as usual, the couple hy its axis, its 
vector sjTnbol will be Ya'/?! If act at some point other 
than the origin, as cj and oc'= y\ the couple will be denoted by 
y)^i From this vector representation of couples, it fol- 
lows that their composition is a process of vector addition; hence 
the resnltant couple is SY(a^— equilibrium, 
;ST(a'— couples are in the same or pai’allel 
planes, their axes are parallel and T2 = ST. Since a! y^ is 
independent of the origin, th^ moment of the couple is the same 
for all ^joints. Since Y(a^ — Vy^^J the moment of 
a couple is the algebraic sum of the moments of its component 
forces. If the forces are concmring, and a! is the vector to 
their common point of application, SY<i^/?'=TSa^/?'= Ya^2/3^:= 
Ya^^, or the moment of the resultant about ang point is the sum 
of the moments of the component forces. When the origin is on 
the resultant, a' coincides with p' in direction, and Ya'^ = 0 ; or 
the algebraic sum of the moments about any point of the resultant 
is zero. If a single force diEts at aJ we may, as usual, intro- 
duce two equal and opposite forces at the origin, or at any other 
point c' and thus replace 13 ' by ySo and Va'/5J or by 
y Y) j0; If ^ be a unit vector along any axis oz through the 
origin, then the moment of acting at aJ with reference to the 
axis oz, will be - 8j3'a%, or - S . C^I3W. If 13' and t are in the 
same plane, in which case they either intersect or are parallel ; 
or, if the axis passes through aJ there will be no moment : in 
these eases, J3' and ^ are complanar, and — = 0. 
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3. If the forces are pai'allel, their resultant /3 = 

= ; and, therefore, for equilihrium, ST/5'=: S&'= 0. The 

moment of a force with reference to any axis oz through the 
origin being and the moment of the resultant being 

equal to the sum of the moments of the components, we have 
S/Saf which, for parallel forces, becomes * IJ/5 • a^) 

= S(U/35&'a' . ^), which, being true for any axis, is satisfied 
for 56'. a = W; 


a 


w ' 


0) 


which is independent of TJjS, and hence is the vector to the ce?i- 
ter of parallel forces, When 56'= 0, the above equations give 
/3 = 0 and a = oo, the system reducing to a couple. For a sys- 
tem of particles whose weights are to', loj' , we have the veo 


tor to the center of gravity a = 




From this equation, 


Sw^'(a — a') = 0 ; whence, if the particles are equal, the sim of 
the vectors from the center of gravity to each partide is zero; and, 
if unequal, and the length of each vector is increased propor- 
tionately to the weight of each particle, their sum is zero. For 


equal particles, a = 


5^^?' 


or the ceMer of gravity of a system of 


equal particles is the mean point (Art. 18) o/ the polyedron of 
which the particles are the veHices. For a continuous bod}- 
whose weight is volume 'y, and densiiy d at the extremity of 
5DcZva' 


, in which 5 ma^" he replaced by the integral sign 

For a homo- 


5nd'y 

if the density is a known function of the volume. 
'Zdva! 


geneous body, a = 


%dv 


, which is applicable to lines, surfaces 


or solids, v representing a line, area or volume. Thus, for a 
plane curve p = ^{t) = a,' dvr=d$=^ Tdp = and 




(c) 
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4. General conditions of equilibrium of a solid body. Let 

the forces /3J , act at the points aJ •• of a solid body, 

and oa! = a\ ok!' = - *, Replacing each force by an equal 

one at the origin and a couple, the given system will be equiva- 
lent to a system of concumug forces at the origin and a system 
of couples. Hence, for equilibrium, 

(d) 

STa^^'= 0. (e) 

Let $ be the vector to any point x. Then, from (d), 
T * 0, and therefore, from (e) , V . ^S/?'= ; whence 

ST/3^^ = f) = 0. (/) 

Conversely, f being a vector to any point, the resultant couple, 
for equilibrium, is SY(a^— ^)/?^= 0 ; 2Ya'^'= 0 and 0. 

Therefore (/) is the necessary and sufficient condition of equi- 
librium. 

This condition may be otherwise expressed by the principle 

of virtual moments. Let S? 5” be the displacements. Then 

the -virtual moment of is — ; and, for equilibrium, 

1SS/?^S'=0. This equation involves (d) and (e). Thus, if the 
displacement corresponds to a simple translation, S'=8"=S^^' 
= etc. = a constants and we may write 2S/5'S^ = S82j9' = 0 ; 
whence, since 8 is real, 2/3'= 0- Again, if the displacement 
corresponds to a rotation about an axis t being a unit vector 
along the axis, 

the last term being a vector perpendicular to the axis. For a 
rotation about this axis through an angle this term becomes 

— ^ f cos^ Yfa'+ sin0 YfaJ and a' becomes 

a'a= -- t COS 6 VCa^+ sind T^a/ 

which, for an infinitely small displacement, 
==-^Sra'-aCa'+l9Yta! 
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Placing the scalar factor under the vector sign and writing 
simply for , to denote the indefinitely short vector along oz, 

a'+8'=a'+YCa'; 

or, S^= y^a! Hence SS/3'S'= 2S/S'V£a^= S^SVa'/3^ ; or, since ^ is 
not zero, SVa^/J'= 0. 

5. IlliiBtrations, 

(1) Three concurrent forces, represented in magnitude and 
direction by the medials of any triangle, are in equilibrium. 
(See Ex. 2, Art. 17.) 

(2) If three concurring forces are in equilibrium, they are 

complanar. By condition, 0, Operating with 

S . , we have 0. 


(3) In the preceding case, operating with V. /3^X, we have 
0 ; whence, since the forces are complanar, 
Ty/3'^'^= Tv/ 3'A"' 01' sm(^; jS'O = sin(^; . A sim- 

ilar relation may be found for any two of the forces ; whence 

: sin(iS;' sin(;S; 


(4) If two forces are represented in m^nitude and position 
b}’’ two chords of a semicircle drawn from a point on the circum- 
ference, the diameter through the point represents ihe resultant. 


(5) A weight, w\ rests on the arc of a vertical plane curve, 
and is connected, by a cord passing over a pulley, with another 
weight, wV Find the relation between the weights for equili- 
brium. 


(a) Let the curve be a parabola, and the pulley at the focus. 
Then, firom Eq. (a) of this article, the equation of the curve he- 

P = ^ (j/*- J5‘)a+^|8i have 




Wa- 


yjS + ate 


o") = 0, 


r 
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in which r = radius vector. Hence 

or, since r=a?-f-p, 2 v'=to'/ Hence, if the weights are equal, 
equilibaium will exist at all x^oints of the curve. 

(b) Let the curve he a circle and the pulley at a distance 
from the curve on the vertical diameter produced. With the 
origin at the highest point of the circle, p = xa-j-V2RX^ oc^^. 
Hence, r being the distance of the pulley from w! 

s(L^^ + .V,A-»2±(5±i2-V) = 0; ■ 

nr' 

— ; — . 

K + m 

(c) Let w be placed on the concave arc of a vertical circle, 
and acted upon by a repulsive force varying inversely as the 
square of the distance fhDin the lowest point of the circle. To 
find the position of equilibrium. The origin being at the lowest 
point of the circle, and r the distance required, let p be the 

intensity’ of the force at a unit’s distance ; then will be its 
intensity for any distance r, and ’ 

\/xa + vj 82 J \ « 

whence 

r = 

(d) Let w' rest on a right line inclined at an angle fi to the 
horizontal, and connected with zo" by a cord passing over a puL 
ley at the upper end of the line. Find the relation between the 
weights. With the origin at the lower end of the line, its equa- 
tion is pssscca. If J3 is in the direction of w\ then Sa(w'j8+^"a) 

(6) To find the center of gra\dty of three eqnal particles at 
the vertices of a triangle, a, b, c being the vertices, the vector 
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from A to the center of gravity’ of the weights at A and b is 
■J-AB = AD. The vector to the center of gravitj^ of the three 
weights is ’J(ab + ac) = ^ab + irDC = ^ab -Jab + ac) ; 

and the required point is the center of gra^dty of the 

triangle. 

(7) Find the center of gravity of the perimeter of a triangle. 

(8) Find the center of gravity of four equal particles at the 
vertices of a tetraedron. 

(9) Show that the center of gravity of four equal pai’tieles 
at the angular points of any quadrilateral is at the middle point 
of the line joining the middle points of a pair of opposite sides. 

(10) The center of gravity of the triangle formed by joining 
the extremities of perpendiculars, erected outwards, at the mid- 
dle points of any triangle, and proportional to the corresponding 
sides, coincides with that of the original triangle. Let abc he 
the triangle, bc = 2 a, ca = 2 and € a vector perpendicular to 
the plane of the triangle. Then, if m is the given ratio, b the 
initial point, and Ri, Rg? Rs the extremities of the perpendiculars 
to BC, CA, AB, respectively, 

BR2 = a -h Wfcea, BR3 = 2 a ^ mcjS, BRg = a -f- /S — m€(a -|-/J) ; 

• i(BKi + BHs + BKj) = f ( 4 a + 2 j 8 ) = ^[ 2 a + 2 (o + / 3 )]. 

(11) To find the center of gravity of a circular arc. The 
-equation of the circle p = r(<K>s^ . a-|-sinS . )&), gives dp = 
^^(— smO . a + cos^ • p)d6 ; 


J_ 


fr (cos^ i a 

-l-smd . ^)d$ 





For an arc of 90° integrating between the limits ^ and 0, 

Ji 

aj == ?I(a + /8) , the distance from the center being — V2 ; which 

'TT TT 
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imy be obtained directly also by integrating between the limits 
- and — For a semicircumference or arc of 60? we have, in 

^ ^ ^2 r Sr 

like manner, — and — 

77 77 

(12) If a, /?, y are the vector edges of any tetraedron, the 
origin being at the vertex, then p — a, jS — y, a — jS are lines of 
the base, p being any vector to its plane. Hence this plane is 
represented by S (p — a) (/3 — y) (a — ^) = 0 ; Sp (Ta/3 -f- 
Vya + Tj8y)--Sa/3y = 0. If 8 be the vector perpendicular on 
the base, 

8 = xCYaB + Yya + YBy) == , 

p-r Tya-r Tpy; ^ 

and. taking the tensors, 

T (TajS + \^y + Jya) == . 

ait. 


: 2 area base. 


But TajS + ViSy + Vya + T^Sa + TyjS + VayssO, in which the 
last terms are twice the vector areas of the plane faces. The 
sum of the vector areas of all the faces is therefore zero. Since 
any polyedron may be divided into tetraedra by plane sections, 
whose vector areas will have the same numerical coefficient, but 
have opposite signs two and two, the stm of the vector areas of 
any polyedron is zero. These vector areas represent the pres- 
sures on the faces of a polyedron immersed in a perfect fluid 
subjected to no external forces. For rotation, since the points 
of application of these pressures are the centers of gravit 3 " of 
the faces, to which the vectors are 

i(a + /3 + y), i(/3 + a), i(y + ^)7 i(« + r)? 
we have the couples 

"l"'y) (Va/3+Y^y-|-Yya)-|-(a + ^)V/Sa-|-(^ -|-y) 
YyjS 4- (y + a) Yay } 

— — -h y Yaj8) , 

since aYa^ + ciY/?a = 0, etc. But, Equation (123), this sum is 
zero. Hence there is no rotation. 
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100. Miscellaneous Examples. 

1. In Fig. 58, F, A find k are coUiiiear. 

2. In Fig. 58, ad®— ae^=ab^— ac^. 

3. In Fig. 13, if the lines from the vertices of the parallelo- 

gram through o and p ai'e angle-bisectors, 03 £LTp is a 
rectangle. 

4. If the coiTesponding sides of two triangles are in the same 

ratio, the triangles are similar. 

5. a, y being the vector sides of a plane triangle, if /?=a-f-y, 
show that 5®=c®— cc6cosB-|-a5 cosc. 

6. The sides bc, ca, ab of a triangle are produced to d, e, f, 

so that CD = mBC, ae = ?iCA, bf =j?>ab. Find the inter- 
sections Qi, Qa, Qg of EB, FC ; FC, DA ; DA, EB. 

7. In any right-angled triangle, four times the sum of the 

squares of the medials to the sides about the right angle 
is equal to five times the square of the hypothenuse. 

8. If ABC be any triangle, m its mean point, and <j any point 

in space, then 

AB®-t- BC®-1- CA® = 3 (0A®-H OB®-)- OC®) — (3 Om)®. 

9. If ABCD be any quadrilateral, its mean point, and o any 

point in space, then 

AB®-f- BC®+ 0D®+ DA® 

= 4(oa®-|- ob®+oc®-)-od®)— (4om)®— AC®— bd®. 

10. If ABC be any triangle, and c^ b', a^ the middle points of 

AB, AG, CB, then, 0 being any point in space, 

ab®+bc®-|-ca®=4(oa®-1-ob®4-oc®) — 4(OB'®-)-OC'®-t-OA^®). 

11. If ABC be any triangle and m its mean point, then 

AB®-t- BC®4“ CA® = 3 ( AM®-|- C3I®) . 

12. Points p, Q, R, s ai'e taken in the sides ab, bc, cd, da of a 

parallelogram, so that ap= wab, bq = msc, etc. Show 
that PQES is a parallelogram whose mean point coincides 
with that of abcd. 
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13. The sides of any quadrilateral are divided equably at p, q, 

E, s, and the ix)mts of division joined in succession. If 
PQKS is a parallelogram, the original quadrilateral is a 
parallelogram, 

14. The middle points of the three diagonals of a complete 

quadrilateral are collinear. 

15. If any quacMlateral be divided into two quadrilaterals l^y 

any cutting line, the centers of the three are collinear. 

16. If a circle be described about the mean point of a paral- 

lelogram as a center, the sum of the squares of the hues 
drawn from any point in its circumference to the four 
angular points of the parallelogram is constant. 

17. A quadrilateral possesses the following property : any point 

being taken, and four triangles formed by joining this 
point with the angular points of the figure, the centers 
of gi’avity of these triangles lie in the circumference of a 
circle. Prove that the diagonals of this quadrilateral are 
at right angles to each other. 

18. The sum of the vector perpendiculars from a, b, c, .... on 

an}' line through their mean point is zero. 

19. a, 5, c arc the three adjacent edges of a rectangular paral- 

lelepiped. Show that the are a of the triangle f ormed by 
joining their extremities is a^c^+G?b\ 

20. Given the co-ordinates of a, b, c, d referred to rectangular 

axes. Find the volume of the pyramid o— abcd, o being 
the origin, 

21. Any plane through the middle points of two opposite edges 

of a tetraedron bisects the latter. 

22. The chord of contact of two tangents to a circle drawn 

from the same point is perpendicular to the line joining 
that point with the center. 

23- If two circles cut each other and from one point of section 
a diameter be di*awn to each chcle, the line joining then 
extremities is parallel to the line joining their centers, 
and passes through the other point of section. 
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24. The square of the sum of the diameters of two circles, tan- 

gent at a common point, is equal to the sum of the 
squares of any two common chords through the point of 
tangency, at right angles to each other. 

25. T is any point without a circle whose centre is c ; from x 

draw two tangents tp, tq, also any line cutting the circle 
in V, and pq in r ; draw cs perpendicular to tv. Then 

SR . ST = SV^. 

26. If a series of circles, tangent at a common point, are cut 

hy a fixed circle, the lines of section meet in a point. 

27. In Ex. 26, the intersections of the pairs of tangents to the 

fixed circle, at the points of section, lie in a straight 
line. 

28. If thi'ee given circles are cut by any circle, the lines of 

section form a triangle, the loci of whose angular points 
are right lines perpendicular to the lines joining the 
centers of the given circles. 

29. The three loci of Ex. 28 meet in a point. 

30. Given the base of an isosceles triangle, to find the locus of 

the vertex. 

31. Find the locus of the center of a circle which passes through 

two given points. 

32. Find the locus of the center of a sphere of given radius, 

tangent to a given sphere. 

33. The locus of the point from which two circles subtend 

equal angles is a circle, or a right line. 

34. Given the base of a triangle, and m times the square of 

one side plus % times the square of the other, to find the 
locus of the vertex. 

35. Given the base and the sum of the squares of the sides of 

a triangle, to find the locus of the vertex. 

36. In Ex. 35, given the difference of the squares, to find the 

locus. 
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37. OB and oa are any two lines, and mp is a line parallel to 

OB. Find the locus of the intersection of OQ and bq 
drawn parallel to ap and op, respectively. 

38. From a fixed point p, on the surface of a sphere, chords 

Fp', Fp", .... are drawn. Find the locus of a point o on 
these chords, such that pp^ po = 

39. A line of constant length moves with its extremities on two 

straight lines at right angles to each other. Find the 
locus of its middle point. 

40. Find the locus of a point such that if straight lines be 

drawn to it from the four corners of a square, the sum 
of their squares is constant. 

41. Find the locus of a point the square of whose distance 

from a given point is propoitional to its distance from a 
given line. 

42. Find the locus of the feet of perpendiculars from the origin 

on planes cutting off pyramids of equal volume from 
three rectangular co-ordinate axes. 

43. Given the base of a triangle and the ratio of the sides, to 

find the locus of the vertex. 

44. Show that TapY/o/J = (Ta^)- is the equation of a hyperbola 

whose asymptotes are parallel to a and /3. 

45. Find the point on an ellipse the tangent to which cuts off 

equal distances on the axes. 

46. A and b are two similar, similarly situated, and concentric 

ellipses ; c is a third ellipse similar to a and b, its center 
being on the circumference of b, and its axes parallel to 
those of A and b : show that the chord of intersection of 
A and B is parallel to the tangent to b at the center of c. 
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Elements of the Calculus. 

By A. S. Hakdy, Professor of Mathematics in Dartmouth College. Svo. 

Cloth, si + 239 pages. By mail, Sl-30; for introduction, $1.50. 

rpmS text-book is based upon the method of rates. The object 
of the DifEerential Calculus is the measurement and comparison 
of rates of change when the change is not uniform. Whether a 
quantity is or is not changing uniformly, however, its rate at any 
instant is determined essentially in the same manner, viz. : by let- 
ting it change at the rate it had at the iustant in question and 
observing what this change is. It is this change which the Cal- 
culus enables us to determine, however complicated the law of 
variation may he. From the author’s experience in presenting the 
Calculus to beginners, the method of rates gives the student a more 
intelligent, that is, a less mechanical, grasp of the problems within 
its scope than any other. ITo comparison has been made between 
this method and those of limits and of infinitesimals. This larger 
view of the Calculus is for special or advanced students, for which 
this work is not intended ; the space and time which would be 
required by such general comparison being devoted to the applica- 
tions of the method adopted. 

Part I,, Differential Calculus, occupies 166 pages. Part II., Inte- 
gral Calculus, 73 pages. 


George B. Merriman, Pro/, of 

Mathematics and Astronomy, Eiit- 
fjers College: I am glad to observe 
that Professor Hardy has adopted 
the method of rates in his new Calcu- 
lus, a logical and intelligent method, 
which avoids certain difficulties in- 
volved in the usual methods. 

J. B. Coit, Pro/, of Mathematics^ 
Boston University: It pleases me 
very much. The treatment of the 
first principles of Calculus by the 
method of rates is eminently clear. 
Its use next year is quite probable. 

Ellen Hayes, Prof, of MathemaU 
ics, Wellesley College : I have found 


it a pleasure to examine the book. 
It must commend itself in many 
respects to teachers of Calculus. 

W. E. McDaniel, Pro/, of Mathe- 
maticSi Western Maryland College: 
Hardy’s Calculus and Analytic Ge- 
ometry are certainly far better books 
for the college class-room than any 
others I know of- The feature of 
both books is the directness with 
which the author gets right at the 
very fact that he intends to convey 
to the student, and the force of his 
presentation of the fact is greatly 
augmented by the excellent arrange- 
ment of type and other features of 
the mechanical make-up. 
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The Method of Least Squares. 


With Numerical Examples of its Application. By G^ege G. Com- 
sirocK, Professor of Astronomy in the University of Wi^onsm, and 
Director of the Washhurn Observatory, 8vo. Cloth, viii + 6o pages. 
Mailing price, ^1.05; for introduction, fcl.OO. 


rpHIS work contains a presentation of the methods of treating 
observed numerical data which are in use among astronomers, 


physicists, and engineers. It has been written for the student, 
and presupposes only such mathematical attainments as are usually 
possessed by those who have completed the first two years of the 
curriculum of any of our better schools of science or engineering. 


Peirce’s Elements of Logarithms. 

With an explanation of the author’s Three and Pour Place Tables. Bj 
Professor Jaiies ]VIills Peiece, of Harvard University. 12mo. Cloth. 
80 pages, Mailing price, 55 cents ; for introduction, 60 cents. 

rpHE design of the author has been to give to students a more 
^ complete and accurate knowledge of the nature and use of 
Logarithms than they can acquire from the cursory study com- 
monly bestowed on this subject. 

Mathematieai Tables Chiefly to Four Figures. 

With full explanations. By Professor James Mills Peirce, of Harvard 
University. 12nio. Cloth. Mailing price, 46 cents ; introduction, 40 cents. 


Elements of the Differential Calculus. 

With numerous Examples and Applications. Designed for Use as a Col- 
lege Text-Boot. By W. E. Bverly, Professor of Mathematics, Harvard 
University. 8vo, 273 pages, lidhuling price, $2.15 ; introduction, $2,00 j 
allowance, 40 cents. 

rpHE peculiarities of this treatise are the rigorous use of the 
^ Doctrine of Limits, as a foundation of the subject, and as 
preliminary to the adoption of the more direct and practically con- 
venient infinitesimal notation and nomenclature ; the early intro- 
duction of a few simple formulas and methods for integrating j a 
rather elaborate treatment of the use of infinitesimals in pure 
geometry ; and the attempt to excite and keep up the interest of 
the student by bringing in throughout the whole book, and not 
merely at the end, numerous applications to practical problems in 
geometry and mechanics. 
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Elements of the Integral Oahulus. 

Second Edition, revised and enlarged. By W. E. Byerlt, Professor of 
Mathematics in Harvard University, 8vo. xvi + 383 pages. Mailing 
price, ^2.15 ; for introduction, |2.00 ; allowance for old hook, 40 cents. 

fpHIS work contains, in addition to the subjects usually treated 
in a text-book on the Integral Calculus, an introduction to 
Elliptic Integrals and Elliptic Functions; the Elements of the 
Theory of Functions ; a Ivey to the Solution of Differential Equa- 
tions ; and a Table of Integrals. 

The subject of Definite Integrals is much more fully treated 
than in the earlier edition, and in addition to the new matter, 
mentioned above, a chapter has been inserted on Line, Surface, 
and Space Integrals. The Key has been enlarged and improved, 
and the Table of Integrals, formerly published separately, has 
been much enlarged, and is now bound with the Calculus. 

John E. Clark, Pro/, of Matke- - additions. It is a fine introduction 
matics, Sheffield Scientific School of i to the topics on which it treats. It 
Tale University : The additions to may well take its place beside the 
the present edition seem to me most . treatises of Todhunter and 'William- 
]udicious and to greatly enhance its son, as one of the best of hand- 
value for the purposes of university books for students and teachers of 
instruction, for which in several im- the higher mathematics, 
portant respects it seems to me better ^ Vaughn, Prof, of Mathe- 

adapted than any other American VnweJty: It is 

text-book on the subject, pleasing to see the author avoiding, 

W. C. Esty, Pro/. o/Jfht/ieTnaiics, and in some cases leaving out of 
Amherst College, Amherst, Mass. : sight, the old ruts long since worn 
Its value is greatly increased by the smooth by our teaching fathers. 

A Short Table of Integrals. 

Revised and Enlarged Edition. To accompany Byerly*s Integral Cal- 
cuius. By B. 0. Peibce, Professor of Mathematics, Harvard University. 
32 pages. Mailing price, 15 cents. Bound also with the Calculus, 

Byerly's Syllabi. 

By W, E. Byerlt, Professor of Mathematics in Harvard University. 
Each, 8 or 12 pages, 10 cents. The series includes, — Plane Trigonometry , 
Plane Analytical Geometry, Plane Analytic Geometry (Advanced 
Course), Analytical Geometry of Three Dimensions, Modern Methods 
in ^aljHic Geometry, the Theory of Equations. 
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Direetional Calculus. 

By E. W. Hyde, Professor of Mathematics in the University of Cincin- 
nati. 8vo, Cloth. X11 + 247 pages, with blank leaves for notes. Price 
by mail, §2.15 , for introduction, S2.00. 

rpHIS work follows, in the main, the methods of Grassmann’s 
Ausdehnungslehre, hut deals only with space of two and three 
dirnensious. The first two chapters which give the theory and 
fundamental ideas and processes of his method, will enable students 
to master the remaining chapters, containing applications to Plane 
and Solid Geometiy and Mechanics ; or to read Grassmann^s ori^nal 
works. A very elementary knowledge of Ti'igoiiometry, the Differ- 
ential Calculus and Determinants, will be sufficient as a preparation 


for reading this hook. 

Daniel Carhaxt, Prof, of Maihe- 
maiicit Western University of Peyin- 
sylvania: I am pleased to note the 
success which has attended Professor 


Byde’s efforts to bring into more 
popular fom a branch of mathemat- 
ics which is at once so abbreviated in 
form and so comprehensive m results. 


Elements of the Differential and Integral Cafeulus. 

•With Examples and Applications. By J. M. Tatlob, Professor of 
Mathematics in Madison university. 8vo. Cloth. 249 pages. Mailing 
price, S1.95 ; for introduction, allowance for old book, 40 cents. 

rpHE aim of this treatise is to present simply and concisely the 
"*■ fundamental problems of the Calculus, their solution, and more 
common applications. 

Many theorems are proved both by the method of rates and that 
of limits, and thus each is made to throw light upon the other. 
The chapter on differentiation is followed by one on direct integra- 
tion and its more important applications. Throughout the work 
there are numerous practical problems in Geometry and Mechanics, 
which serve to exhibit the power and use of the science, and to 
excite and keep alive the interest of the student. In Pebruary, 1891, 
Taylor's Calculus was found to be in use in about sixty colleges. 


The nation, PTew TorJc : In the 
first place, it is evidently a most 
carefully written book. . . . We are 
acquainted with no text-hook of the 
Calculus which compresses so much 
matter into so few pages, and at the 
same time leaves the Impression that 


all that is necessary has been said. 
In the second place, the number of 
carefully selected examples, both of 
those worked out in full in illustra- 
tion of the text, and of those left for 
the student to work out for himself, 
is extraordinary. 
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Elementary Oo-ordinate Geometry. 

By W. B. Smith, Professor of Math,, Missouri State University, l2mo, 

Clotli, 312 pages. Mailing Price, §2,15; for introduction, ^2.00. 

^^HILE in the study of Analytic Geometry either g’ain of 
knowledge or culture of mind may be sought, the latter 
object alone can justify placing it in a college curriculum. Yet the 
subject may be so pursued as to be of no great educational value. 
Mere calculation, or the solution of problems by algebraic processes, 
is a very inferior discipline of reason. Even geometry is not the 
best discipline. In all thinking, the real difficulty lies in forming 
clear notions of things. In doing this all the higher faculties are 
brought into play. It is this formation of concepts, therefore, that 
is the essential part of mental training. And it is in line with this 
idea that the present treatise has been composed. Professors of 
mathematics speak of it as the most exhaustive work on the sub- 
ject yet issued in America ; and in colleges where an easier text* 
book is required fox the regular course, this will be found of great 
value for post-graduate study. 


Wuv. G. Peck, Prof, of Mather 
matics and Astronomy, Columbia 
College : I have read Dr- Smith’s Co- 
ordinate Geometry from "beginning 
to end with unflagging interest. Its 
well compacted pages contain an im- 
mense amount of matter, most ad- 


mirably arranged. It is an excellent 
book, and the author is entitled to 
the tlianks of every lover of mathe* 
matical science for this valuable con- 
tribution to its literature. 1 shall 
recommend its adoption as a text- 
book in OUT graduate course. 


Elements of the Theory of the Newtonian Poten- 

t/a/ Function. 

By B. O. Peirce, Professor of Mathematics and Physics, in Harvard 
University. 12mo. Cloth, 154 pages. Mailing pnce, §1.60; for intro-, 
duotion, §1.50. 

^HIS book was written for the use of Electrical Engineers and 
students of Mathematical Physics because there was in English 
no mathematical treatment of the Theory of the Newtonian Poten- 
tial Function in sufficiently simple form. It gives as briefly as i& 
consistent with clearness so much of that theory as is needed be- 
fore the study of standard works on Physics can be taken up with 
advantage. In the second edition a brief treatment of Electro* 
kinematics and a large number of problems have been added. 


MATHEMATICS. 


86 


Aeademio Trigonometry : piane and spherical. 

By T. M. TtT.AgsT.Bw , Ph.D. (Yale), Professor of Mathematics in Des 
Moines CoUege, Iowa. 12mo. Cloth. 33 pages. Mailing pnoe, 30 
cents ; for introdnction, 25 cents. 

rpHE Plane and Spherical portions are aiTanged on opposite pages. 

The memory is aided by analogies, and it is believed that the 
entire subject can be mastered in less time than is usually given to 
Plane Trigonometry alone, as the work contains but 29 pages of text* 
The Plane portion is compact, and complete in itself. 


Examples of Differential Equations. 


By George A. Osborne, Professor of Mathematics m the Ivlassachu- 
setts Institute of Technology, Boston. 12ino. Cloth, vu-f-50 pages. 
Mailing Price, 60 cents; for mtroduetion, 50 cents. 


A SERIES of nearly three hundred examples with answers, sys- 
tematically arranged and grouped under the different cases, 
and accompanied by concise rules for the solution of each case. 


Selden J. Coffin, lately Prof, o/ j Its appearance is most timely, and It 
Mathematics, Lafayette College : 1 supplies a manifest want. 


Determinants. 


The Theory of Determinants : an Elementary Treatise. By Paul H 
Hanus, B.S., recently Professor of Mathematics in the University of 
Colorado, now Principal of West High School, Denver, Col. 8vo. Cloth, 
viii + 217 pages. Mahiug Price, fl.90; for introduction, S1.80. 


rpHIS book is written especially for those who have had no pre- 
^ vious knowledge of the subject, and is therefore adapted to 
self-instruction as well as to the needs of the class-room. The 
subject is at first presented in a veiy simple manner. As the 
reader advances, less and less attention is given to details. 
Throughout the entire work it is the constant aim to arouse 
and enliven the reader's interest, by first showing how the various 
concepts have arisen naturally, and by giving such applications as 
can he presented without exceeding the limits of the treatise. 


William G. Peck, Prof, of Mathe-^ 
maties, Columbia College^ M, Y, : A 
hasty glance convinces me that it is 
an improvement on Muir. 

{Aug,2Xi, 1886.) 


T, W. Wright, Prof, of MathemaU 
ics. Union Univ., Schenectady, M,Y,: 
It fills admirably a vacancy in oui 
mathematical literature, and is a 
very welcome addition indeed. 
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Analytic Geometry. 

By A. S. Hardy, Pii.D., Professor of Mathematics in Dartmouth College, 
and author of 0 / Qiffltermons. 8vo. Cloth. xiv+ 239 pages. 

Mailing Price, $1.60; for introductioii, $1.50. 

work is designed for the student, not for the teacher. 

Particular attention has been given to those fundamental con* 
ceptions and processes which, in the author’s experience, have been 
found to be sources of diflSculty to the student in acquiring a grasp 
of the subject as a method of research. The limits of the work are 
fixed by the time usually devoted to Analytic Geometry in our 
college courses by those who are not to make a special study in 
mathematics. It is hoped that it will prove to he a text^hook which 
the teacher will wish to use in Ms class-room, rather than a hook of 
reference to be placed on his study shelf. 


Oren Boot, Professor of^Iathemat- '\ 
ics, Hamilton College, It meets quite 
fully my notion of a text for our 
classes- I have hesitated somewhat 
about introducing a generalized dis- 
cussion of the conic in required work. 
I have, however, read Mr. Hardy’s 
discussion carefully twice; and it 
seems to me that a student who can 
get the subject at all can get that. 
It is my present purpose to use the 
work next year. 

JohnE. Clark, Professor of Mathe- 
matics, Sheffield Scientific School of 
JaU College : I need not hesitate to 
say, after even a cursory examina- 
tion, that it seems to me a very at- 
tractive book, as I anticipated it 


would be. It has evidently been pre- 
pared with real insight alike into the 
nature of the subject and the difficul- 
ties of beginners, and a very thought- 
ful regard to both; and I think its 
aims and characteristic features wifi 
meet with high approval, While 
leading the student to the usual use- 
ful results, the author happily takes 
especial pains to acquaint him with 
the character and spirit of analytical 
methods, and, so far as practicable, to 
help him acquire skill in using them. 

John B. French, Bean of College 
of Liberal Arts, Syracuse Cniver^ 
sity: It is a very excellent work, 
and well adapted to use in the reci- 
tation room. 


Elements of Quaternions. 

By A. S, Hardy, Ph.D., Professor of Mathematics, Dartmouth College, 
Second edition, revised. Crown 8vo. Cloth, viii + 234: pages. Mailing 
Price, $2.15; Introduction, $2.00. 

^HE chief aim has been to meet the wants of beginners in the 
claas-room, and it is believed that this work will be found 
superior in fitness for beginners in practical compass, in explanar 
tions and applications, and in adaptation to the methods of instruc- 
tion common in this country. 



88 


MA-THEMATIOS. 


Elements of Plane Analytic Geometry. 

By JoHx D. Euijklb, Walker Professor of Mathematics in the Massa^ 
chnsetts Institute of Technology, Boston. 8vo. Cloth, ii + 344 pages 
Mailing Price, 32 25 ; for introduction, 32 00. 

TN this -work, the author has had particularly in mind the needs 
of those students "^ho can devote but a limited time to the 
subject, and yet must become quite familiar with at least its more 
elementary aud fundamental part. For tliis reason, the earlier 
chapters are treated with somewhat more fulness than is usual. 
For some propositions, more than a single proof is given, and par- 
ticular care has been taken to illustrate and enforce all parts of 
the subject by a large number of numerical applications. In the 
matter of problems, only the simpler ones have been selected, and 
the number has in every case been proportioned to the time that 
the students will have to devote to them. In general, propositions 
have been proved first with reference to rectangular axes. The 
determinant notation has not been used. 

Deseriptiue Geometry. 

By Linus Faukcb, Assistant Professor of Descriptive Geometry and 
Drawing in the Massachusetts Institute of Technology. 8vo. Cloth. 
54 pages, with 16 lithographic plates, including 88 dia^ams. Mailing 
Price, 31.35; for introduction, 31-26. 

TO addition to the ordinary problems of Descriptive Geometry, 
^ this work includes a number of practical problems, such as 
might be met with by the draughtsman at any time, showing the 
application of the principles of Descriptive Geometry, a feature 
hitherto omitted in text-books on this subject. All of the prob- 
lems have been treated clearly and concisely. The author’s sole 
aim has been to present a work of practical value, not only as a 
text-book for schools and colleges, but also for every draughtsman* 
The contents are : Chap. I., Elementary Principles ; Notation. 
Chap. II., Problems relating to the Point, Line, and Plane. Chap. 
III., Principles and Problems relating to the Cylinder, Cone, and 
Double Curved Surfaces of Revolution. Chap. lY., Intersection of 
Planes and Solids, and the Development of Solids; Cylinders; 
Cones ; Double Curved Surfaces of Revolution ; Solids bounded by 
Plane Surfaces. Chap. Y., Intersection of Solids. Chap. YI, Mis' 
cellaneous Problems. 
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Wheeler's Plane and Spherical Trigonometry. 

By H. N. Wheblbe, A.M., formerly of Harvard University. 13mo. 
Clotli. 211 pages. Mailing price, Sl.lO; introdnction, S1.00; allow- 
ance, 30 cents. Peirce’s Mathematical Tables are included. 

?J(HE special aim of the Plane Trigonometry is to give pupils a 
better idea of the trigonometric functions of obtuse angles 
than they could obtain from any book heretofore existing. 

In the treatment of Spherical Trigonometry special pains has 
been taken to present applications to Geometry and Astronomy^ 
and problems involving these applications. 

Adjustments of the Compass, Transit, and Level. 

By A. V. LiJ!7E, C.E , Ph.D , Associate Professor of Mathematics, Uni- 
versity of Texas, Austin. 12nio. Cloth, v + 43 pages. Mailing price, 
33 cents ; for introduction, 30 cents. 

Principles of Elementary Algebra. 


By H. W. KEiowuf, Professor of Mathematics, Episcopal Academy, 
Cheshire, Conn, 12mo. Paper, ii-i-41 pages. Mailing and introdno- 
tion price, 20 cents. 


little book is intended as .an outline of thorough oral 
instruction, and is all the *Hext” which the author has 
found it necessary to put into his pupils' hands. It should, of 
course, be accompanied by a good set of exercises and problems. 


MctnCCll G60ni6tjry, An Elementary 7recrf/se on Mensuration. 

By George Bruce Halstbd, Ph.I)., Professor of Mathematics, Univer- 
sity of Texas, Austin. 12mo, Cloth. 246 pages. Mailing price, ^1.10; 
for introduction, ^1.00. 

rpHIS work applies new principles and methods to simplify the 
measurement of lengfts, angles, areas, and volumes. It is 
strictly demonstrative, but uses no Trigonometry, and is adapted 
to be taken up in connection with or following any elementary 
Geometry. A hundred illustrative examples are worked out in the 
course of the book, and at the end are five hundred carefully 
arranged and indexed exercises, using the metric system. 
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A Treatise on Plane Surveying. 

By Daniei. Caehabt, C.B., Professor of Civil Engineering in the West- 
ern UniYersit 7 of Pennsylyania, Allegheny. Illustratea. 8vo, Half 
leather, xvii + 498 pages. Mailing Price, S2.00, for introduction, ^1.80. 

rpHlS work covers the whole ground of Plane Surveying. It 
^ illustrates and describes the instruments employed, their ad- 
justments and uses ; it exemplifies the best methods of solving the 
ordinary problems occuiring in practice, and furnishes solutions 
for many special cases which not infrequently present themselves. 
It is the result of twenty years' experience in the field and technical 
schools, and the aim has been to make it extremely practical, having 
in mind always that to become a reliable surveyor the student needs 
frequently to manipulate the various surveying instruments in the 
field, to solve many examples in the class-room, and to exercise 
good judgment in all these operations, l^ot only, therefore, are 
the diSerent methods of surveying treated, and directions for using 
the instruments given, but these are supplemented by various field 
exercises to be performed, by numerous examples to be wrought, 
and by many queries to be answered. 

The judicial functions of surveyors, as given by Chief Justice 
Cooley, are set forth in an appendix. 

As a practical and complete treatise, Carhart's Surveying has 
received a cordial welcome. 


W. A. Moody, Pro/, of Mathemat- 
icSi Bowdoin College : I consider the 
book exceptionally fine in execution, 
subject-matter, and arrangement. 

D. W. Herinfe, formerly Frof, of 
Math,t Cniv, of City of New Tori : 
The Surveying is, I think, superior 
as a text-hook to any book on the 
subject with which I am acquainted. 
It is compendious without being too 
voluminous, and the skilful treat- 
ment of the subject accords perfectly 
with the methods of the author, both 
as a teacher and -a practical engi- 
neer. 

Orea Root, Prof of Mathematics^ 
EimtUon College: I have looked it 


through with great interest. The 
mechanical execution is, in the first 
place, elegant; the arrangement is 
admirable. . . . The work seems ad- 
mirably adapted to student use and 
the class-room. 

Wm. Hoover, Prof of Mathemat-- 
fcs, Ohio University: It is indeed a 
superior work, and merits the widest 
adoption. 

Colman Bancroft, Prof of Mather 
maticSf Hiram College .* I find in it 
several important matters not con- 
tained in other text-books with which 
I am acquainted, — matter which I 
have felt obliged to give my classes 
by lectures. 
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